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ABSTRACT 

The four sections of this monogra^ph review current 
research related to mathematics education from the points of view of 
studies concerning (1) the curriculum^ (2) the child^ (3) the \ 
learni^ng environment^ and (U) teacfiing methods* Topics addressed in 
part one include the sources of mathematics curricula^ the curricular 
validity of "new nfeth" curricula r 'the curricular implications and 
applicability of Piagetian theory^ and several specific projects 
related to mathematics curriculum and assessment. Part two addresses 
cultural and sex differences in mathematics achievement^ effects of 
disabilities (learning disabilities, deafness^ blindness^ mental 
retardation) and personality factors on mathematics learning^ and 
attitudes toward mathematics. Individualization of instruction^ 
groupingr class size^ and use ofr- itf^ltheii^atics laboratories ajre 
discussed in part three^ together with ivafious aspects of pre-service 
and in-service teacher education. /Part :four is devoted to discussion 
of a variety of instructional approaches and practices (discovery, 
drillr use of physical models, homework, hand-heli- calculators, 
computer assisted instruction), and to the selection of algorithms. 
(SD) . 
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Foreword 



One of the ASCD program thnists for 1975-76 is' research and 
theory in curriculum development. Publication of the present report on 
recent research in elementary school mathematics gives evidence of the 
Association's commitment in this area. However, the fact that this is the 
fourth edition of a popular booklet, first issued in 1952, indicates that 
ASCD has nurtured such interests for many years. 

There continue to be questions about the "new math" all over the 
country. The authors deal with this lively issue as well as other topics 
which generate much discussion among curriculum 'workers. Among the 
items given attention in this volume are the implications of the work of 
Piaget, teaching the metric system, schooling in different cultures, 
mathematics in special education, and "teaching centers," to name just 
a few. 

The general area§ of coverage (curriculum, the child, the learning 
environment, and teaching method) hold particular interest for class- 
room teachers, curriculum speciahsts, and principals. It seems to me 
that the contents will be of practical assistance to parents and other lay 
citizens as well. Leroy G. Callahan and Vincent J. Glennon have man- 
aged to treat a complex subject in a manner that can be understood and 
appreciated by all these audiences. 

Delmo Della-Dora, President 1975-76, 
Association for Supervision and 
Curriculum Development 
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Introducticn 



THIS IS THE FOURTH EDITION of this research monograph. The 
prior editions were published by the Association for Supervision and 
Curricuhim Development in 1952, 1958, and 1968, and each went through 
several printings. The authors feel much satisfaction in knowing that 
both the content and the method of presenting it to persons interested 
in mathematics education have continued so well to meet their needs 
as to vvarrant this new edition. 

In the years since the first printing of the third edition, 1968, the 
middle school concept of administrative grouping of children has come 
of age in many school systems. The content of this monograph, tiierefore, 
covers the essential aspects of the school mathematics program of the 
elenientar)' school (K-4 or K-6) and the middle school (grades 5-7). 
Then too, since large numbers of students in the jiimior and senior high 
schools are still experiencing difficulty in mastering the mathematics of 
the elementary and middle school levels, the conten t will be found useful 
by their teachers and supervisory personnel. i 

The increasing use of the monograph by college and imiversity 
level professors and students, graduate and undergraduate, seems to be 
indicative of a' much needed redirection of many mathlfematics courses. 
Such redirection would be away from a t(»chniques-only orientation 
toward an approach bascxl mori^ on theory, out of which the techniques 
logically eventuate and derive meaning. 

As with the prior editions, the reader should. keep in mind the 
following points: 

Z)- 1. Although most of the an.swers to the questions are research-based, 
there are many questions that have not been researched in an empirical way 
but are included in the volume because of their importance to school personnel 
who must make wise decisions involving the school mathematics program. The 
authors have attempted to present well-balanced summaries of the several 
facets of each of these qiiestions. 
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2. It is not possible to summarize the findings of all available research 
as well as philosophical and psychological discussions in a volume of this size. 
Choices had to be made using the criterion of the educational significance 
of the research to the general problems associated with improvement of mathe- 
matical instruction. The reader is urged to Consult the original sources for more 
complete discussions of these and other educationally significant questions. 

3. Although school personnel can feel secure in teaching along the lines 
suggested in the monograph, they should recognize that the answer to any 
question is subject to modifipatibn in the light of subsequent research and 
non-empirical investigations:" 

4. The authors wish to make it clear that full responsibility for the 
accuracy ofMnterpretation of the studies cited and for the valid representation 
thereof in the paragraphs and tables selected rests with themselves. 

Appreciation is expressed to Dr. Gerard Thiboueau, formerly 
graduate assistant in the Mathematics Education Center, The University 
of Connecticut, for a scholarly library search and summary of the 
literature concerned with the mathematics learning of children generally 
classified as requiring special education. Again, the authors express 
appreciation to Dr. C. Wr Hunnicutt who originally suggested the need 
for the monograph and co-authored the first and second editions. Also 
our thanks to John S. Close, graduate assistant in the Mathematics 
Education Center, the University of Conn|?cticut, for preparing the index. 

The suggestions of Margaret Callahan and Deanna Kofner for 
copy-editing and for typing the manuscript are sincerely appreciated. 

Leroy G. Callahan 
Vincent J. Glennon 

March 1975 
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We are only just realizing that the art and science of edu- 
cation require a genius and a study of their own; and that this 
genius and this science are more than a hare knowledge of some 
branch of science or literature, 

Alfred North Whitehead ( l529 ) 



. . . it is true of arithmetic as it is of poetry that in some 
place and^ at some time it ought to he a good to he appreciated 
on its own account-^just as an enjoyable experience, in short. 
If it IS npt, then xchen the time and place come for it to be used 
as a means or instrumentality, it icill be just in that much handi- " 
capped. Never having been realized or appreciated for itself, 
one will miss something of its capacity as a resource for other 
ends. ... 

JoHX Dewky ( 1930) 
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Part One 



Studies Concerning the Curriculum 



What arB the main $ources oi the mathematics vurriculum? 

\ 

' The elenientan' .school mathematics curriculum, like all other 
* f subject areas that make up geiX^al education, as distinguished from 
specialized or vocation-oriented education (the former concerned w^ith 
living, the latter witli et^rning a living), is derived from three sources. 
Like the fanners three-legged milking stool, the curriculum is a rwell- 
Hirfuneed, stable instrument if «and only if the three sources contribute 
to it equally, or at le'ast equitably. 
"71 The three spurces of the elementary school mathematics curriculum 
nay be referred to as the nature of the learner, the nature of his or her 
Lulult society, and the nature of the cognitive area-mathematics. The 
' first of these may be referred to as the expressed needs-of-the-child 
theory of currieuhin^ or the psychological theoiy^. the second, as the 
needs of adult society, social utifity, instrumentalism, or the sociological 
' theory of curriculum'; and the third, as the structural, the pure niathe- 
niatieal, or the logical theory of curriculum. 

Each has something to contribute to a \yell-designed curriculum. 
Each theorv' has its strong supporters and its equally strong opponents; 
and in each group are some people who are quite unaware that there are 
any other points of view than their -own. Any 'unilateral, authoritarian 
view of tlie currieular basis-of the program is an extremist view. In 
order to have a clear perception of a Ixilanced tlieory of .curriculum, 
(me must first have a clear perception of each of these extremist theories. 
Each is discussed briefly here, 

1, The psychological basis for curriculum theory. The question 
of what mathematics is of most worth to elementary school children can 
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be viewed from two quite different ps)'chological approaches. One 
approach can be labeled the cognitive-developmental point 'f view, the 
other the clinieaUpersonality point of view. Neither point of view is 
clearly self-contained; elfch may draw upon the other to varying degrees 
depending upon the biases in the professional training of the person 
doing the viewing. 

The cognitive-developmental a\ppn)ach to curriculum theoiy empha- 
sizes the n^iture of the subject matter being learned and the develop- 
mental process in the learning. The exemplars of this point of view in 
the world toda\' are Jean Piaget in Switzerland and, in this country, 
William A. Brownell. 

The clinical-personality point of view emphasizes the affective 
aspect of human development. The extremist point of view is best 
(evidenced in the work and the writing of A. S. Neill, particularly in 
Siiminerhill: A Radical Approach to Child Rearing (1960). In the entire 
book of almost 400 pages, the arithmetic curriculum and the methods of 
teaching it are referred to in only six vciy brief statements. In essence, 
Neill dismi.sses as irrelevant or inappropriate any efforts on the part of 
teachers or par/nit? to preplan a program in elementary school mathe- 
matics. In a word, he is of the opinion that the only honest source of 
the content, of methods, of learning materials, and'of the evaluation, too, 
must and can only eventuate out of the^ieeds of the child as he expresses 
them. / 

2. The sociological basis for curricxdum theory. Those who advo- 
cate a sociological approach only to the selection of content for the 
elementary school mathematics program are of the opinion that the only 
worthwhile mathematics is that whith has previously been judged of 
great usefuhiess to the average adult in business situations and in 
general life situations. Mathematical topics which do not meet a rigorous 
intei-pretation of this criterion, they argue, are not a legitimate part of 
the general education l){ the x.'hild. Such topics, therefore, become a 
part of tbo specialized or vocational education of the older child or 
young adult, to be learned in a vocational program either in the school 
or on the job. ! 

Over a 50-y(»ar span of professional activity beginning about 1911, 
Guy M. Wilson and his students have done the gi'catest amount of 
research on the question, "\yhat mathematics is important enough in 
business and life as to be the mast cry program in the elementary school?" 
(1951). Wilson answers the (question succinctly in these words: 

This question can be answered quite specifically and authoritatively on 
the basis of curricular studies as to the usage of arithmetic in business and life. 
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It is- no longer necessary to rely upon guesswork or mere opinion. This question 
of essential dilll (for mastery) will be discussed again and again in connection 
with topics of arithmetic, but here it may be noted that the drill material for 
mastery consists of simple addition-100 primary facts,' 300 "decade facts, carry- 
ing and other process difficulties; simple subtraction-100 primary facts, proc- 
ess difficulties; multiplication-lOO primary facts, process difficulties; lone 
division-no committed facts, general scheme and pi'ocess steps; simple fractions\ 
in halves, fourths, and thirds, and in special cases, in eighths and twelfths, \ 
general acquaintance with othei^ simple fractions; decimals-reading knowledge 
only. I 



(1) (2) (3)' (4) 1(5) (6) (7) (8) (9) (lOX (U) (12) 




CD 



.9 52 



Halves ... 1 9,069 12.751 2,212 259 110 327 6,17b 731 242 

Quarters 2 6,671 12,717 956 177 29 $9 2,624 12,911 296 

Thirds 2 

Fifth's 4^ 

Sixths 5 

Eighths 7 2,555 12,880 ' 267 1,174 9 3,665 268 

Ninths 7 

Tenths 9 
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76 
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4 




154 
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148 
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255 


4 
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Twelfths 11 

Fifteenths 5 

Sixteenths 14 

Twentieths 2 

Twenty-fourths 4 
Thirtieths 2 

Thlrty-seconds 31 148 255 4 9.260 10 

Thirty-sixths .... 4 

Fortieths 1 ^ 

* Forty-eighths .. 1 1 

Fiftieths 1 ^ 

Sixtieths 1 1 

Sixty-fourths .. 8 74 

Hundredths . . 27 133 

«44 3 

1 

% 6 ■. 

Totals 149 20,199 38,603 3,896 2,585 212 435 21,724 13,652 907 102,220 100.00 



31,876 


31.184 


36,470 35.678 


1,049 


1.026 


23 


.023 


122 


.119 


20.818 


20.368 


6 


.006 


27 


.026 


969 


.948 


2 


.002 


943 


.923 


5 


.Q05 


5 


.005 


3 


.003 


9,677 


9.467 


4 


.004 


1 


.001 


1 


.001 


1' 


.001 


1 


.001 


74 


.072 


133 


.130 


3 


.003 


1 


.001 


6 


.006 


102,220 


100.00 



Columns 3 to 11 of Figure 1 show Interesting variations In fractions used in different 
lines of business. The fraction one-ha/f occurs With reasonable frequency In all units. The 
sa?yie is true of fourths. Thirds, on the other hand, do not appear under the Boston Tran- 
script unit, which i& chiefly a summary of stock-market quotations. 
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Figure 1. Showing a Summary of All tlie Functions of the 
Dalrymple Study in Terms of Denominators 
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The essential drill phase.s of arithmetic for perfect masteiy are as simple 
as thi-.t. The load is very small . . . (pp. 3, 4). 

i The reader who js unacquainted with this extremist point of view 
might well ask how the data were gathered and collated to form the 
bcisis for curricular decisions. Figure 1 show.s a classification of fractions 
(rational numbers named by fractions) used in business situations aiid 
gathered over a two-year period in the Boston area. (See Wilson, 
Table 1, p. 20L) 

On the basis of tiiis and simihxr studies, Wilson concludes that 
fractions **used in business are much simpler than the fractions (taught) 
in the schools. It may be remarked also . . . that the operations and 
combinations of fractions in business are ver\% very simple in comparison 
with school practices." 

lie asks, "Is it possible that we have been wasting much school 
time on useless fractions? And in going beyond usage on a purely 
manipulative basis, have we not done much to confuse and defeat the 
child?" 

3. The logical, or pure matJiematical, basis for currieulum theory. 
The third source of the curriculum, or the third log of the farmers 
milking stool, to continue our simile, is usualh' named the logical, or 
structural, or pure mathematical source. Extremists who hold this point 
of view exclusively are usually b-ained as mathematicians and have little 
insight into or concern for the points of view held by the groups repre- 
senting either a psychological approach or a sociological approach. Their 
main concern is that of transmitting the mathematics in a foim un con- 
taminated or un defiled by any relating of the pure structure to socially 
useful situations. By way of illustration, if a fifth grade group of children 
study irrg about Mexico and its people were learning or using, or both, 
the cognitive capability of multiplying a fraction by two in order to 
double the amount of some ingredient used in tortillas, thi.s experience 
would be* denigrated by referring to it as "some sort of home economics 
perhaps but certainly not mathematics." 

The historical roots of the sociological theory of cun'iculum are as 
old as early human attempts at transmitting the customs of the tribe to 
. the young; and the historical roots of ..the psychological theor\^ can be 
. found in the writings of Pes-^talozzi, Herbart Froebel, and more recently 
FrcAid, Adler, Jung, and the cognitive- develop mental psychologists, 
G. Stanley Hall, William James, Charles Hubbard Judd, William A. 
Brownell, and Jean Piagt»t. But the historical roots of the /.pure mathe- 
rnaticar* theory of ciu'rieulum can be traced back at least 2,500 years to 
the beginning attempts of the Greek mathematicians to structure the 
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subject. Substantial contributions to the purification process were made 
in the past few hundred years by DeMorgan, Hamilton, Peano, and 
others. 

As a conseciuence of the work of these men and of the abstract 
nature of the subj(»ct, no coguiti\c* area has as elegant a struetme as 
mathematics. Whereas in any subject matter area in the social sciences, 
say geography, we might list an almost endless set of prhieiples, in the 
real number system there are only 11 "principles'* (properties) or axioms, 
and three equalit\' axioms. 

In part, the recent efforts to purify the elementary scljool math 
program may be due to the fact that some few mathematicians, enamored 
with the elegance of the. subject, want all others to see the beauty of 
the abstract structure as they see it and, in so wanting, press vigorously 
for the widespread adoption of the pure mathematics approach as the 
only legitimate theory of curriculum, 

4. Balance among the tjjree theories. The authors have found it 
useful in attempting to help school personnel "make sense" out of the 
ebb and flow of curriculum change to use a model of a tiiangle to 
picture the extreme points of view. 

Psychological 

A . . 



Logical 




B Sociological 



Figure 2. Model of Mathematics Curriculutn Theories 

Each of the three extre^niist positions can be viewed as one of the 
vertices of the triangle, A balance ^among the three theories can be 
pictured as a ring held in place by spriitgs each fixed in place at a 
vertex. The pressures of society on the school curriculum in this century 
have caused the center of balance to shift often in our century alone. 
Professional education was interpreted by some child developmentalists 
as a power ful spring which pulled the center of balance toward point A. 
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Pragmatism, with its implications for a socially useful curriculum, 
was viewed by some extremists as sufficient cause to justify pulling the 
center of balance toward point B, and concern for the logical stnicturc, 
the purity of the mathematics, caused some extremists to argue for a 
shift in curriculum toward point C during the 1950's and 1960 s. Forces 
at points A and B are again reasserting themselves during the 1970s. 

In each instance, the more extreme the position of a person or the 
^ program he advocated, the more it moved from a central position toward 
one of the three vertices. The curriculum approach implemented by 
A. S. Neill represents the most radical extremism toward point A, or at 
point A. ^ The curriculum innovations of Guy M. Wilson represent the 
farthest deviation toward point B. Certain "new math" programs con- 
cerned with mathematics for its own sake in the elementary grades 
represent the greatest distortion of the' curriculum in a move toward 
point C. . 

The difficulty of obtaining and maintaining balance among the 
extremc\s is discussc>d by Foshay ( 1961 ) : 

^ A conception of wlvit balance means in the curriculum is a necessity in 
any time, hi these days of iiphea\'al in education, however, such a conception 
is an urgent necessity. It is possible that the new curriculum patterns, when 
they have emcrgl'd, will prove to be in better balance than anything we haye 
kncAvn. However, taken as a whole, it could be that the new ciu:riculum will 
impl\< a distorted version of our culture, or our ideals as a people, even what 
we wint an American to be. This has happened in the past, at those times 
when itvJias become apparent that the existing cuniculum no longer fits the 
times. Th^» changes ha\'(» not always proved to be improvements; sometimes, 
despite the^ best efforts of wise men, the result has been only to substitute one 
distortion for another fpp. iii-iv). 

Did the "new math" curricula possess curricular (face) validity 
Were they appropriate? 

The "new math" programs of the recent past grew out of a dis- 
satisfaction with performance of children in "trachtional" programs. As 
with many such (»(lucational tenns, it is difficult to get agreement on 
what "n(»w" and "traditional" programs are, and usually impossible to 
observe "pure" eases of each functioning in the schools, A gross char- 
acterixation of int(»nt of tlu* "new" madi pnigrams does, however, seem 
possible. Th(» "new math" was intended to be more c()nc(*ptnallv mean- 
ingful to the learners: rote, meaningless learning was to be deempha- 
sized. Ess(»ntial mathematical structures, "big ideas," were to be given 
early emphasis. In turn, these structures Avbuld form a conceptual 
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anchorage for specific learnings. The relationships among the essential 
structures that form the essence of mathematics as a logical-deductive 
system were also to be exposed to leaniers, with an expected change in 
attitude in a positive direction. 

Few would question the intent of the function the new programs 
were to perform. What form did the "new math" take? Was it valid for 
the children for whom it w^as int(md(»d? 

As noted in the previous question-"What are the main sources of 
the curriculum?"~the new math jjrograms eventuated out of the extremist 
position held by those who had greatest influence on the "revolution," 
Bv and large, ' these people were originally trained in mathematics 
as a pure deductive science. Usually unable to see or accept any other 
curriculum theor\', they proceeded to make much needed improvements 
in the contemporary programs in the only way they could-by making 
the mathematics more correct, more rigorous, and more deductive, but 
not necessarily more personallv meaningful to the child or more socially 
relevant. i 

Receiving a kind of moiial support from some cognitive psycholo- 
gists, notably Jerome S. Brun6r, the leaders of the new math revolution 
also caused some topics traditionally taught on a given grade level to be 
taught on a lower grade level. This' made for a heavy curriculum load 
on the lower grade levels. 

Much of this psychological support for increased emphasis on 
mathematics structure came from the book. The Process of Education, 
which was Bruners (1960) summary of discussions held in 1939, seeking 
wavs to improve the school science program. ' Following a chapter in 
which he discussed 'The Importance of Structure" in learning, any 
subject, Bruner offered the hypothesis that ". . . any subject can be 
taught effectively in some intellectually "honest form to any child at any 
stage of development" (p. 33). This statement, though a hypothesis, had 
a strong influence on the content of contemporary math programs and 
oiif proposed directions of programs for the future. 

Most notable of the latter groups was the futuristic-oriented Cam- 
bridge Conference on School Mathematics, sponsored by Educational 
Services, Inc. (now Education Development Center, Inc.). This confer- 
ence pubhshed three reports. One was Voals for School Mathematics 
(1963), which was a summar\^ of the thoughts of a group of 29» mathe- 
maticians and national •scientists who were strongly influenced by Bruner's 
hvpothesis. 

A valid math curriculum for grades 3-6, according to this extremist 
point of view, and one which "the schools should be aiming , to achieve 
in ten years, or twenty or thirty" would include these topics: 
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(luADKs 3 Through 6 

III these four gi-ade.s should continue pursuU of the main objcetive, 
familiarity with the real number system and goometrv. At the same time we 
mvist start pre-matlicmatieal experiences aiming towards the more sophisticated 
work in high school. 

The Real Nttmher Systein ^ 

1. Commutative, associative, and distributive laws. The multiplicative 
property of 1. The additive and iimltiplicative properties of 0 

2. Arithmetic of signed numbers 

3. For comparis(m purposes 

a. Modular arithmetic, bused on primes and on non-primes 

b. Finite fields 

c. Study "of 2x2 matrices; comparison with real numbers; isomor- 
phism of a subset of 2 X 2 matrices with real numbers; divisors of zero; identities 
for matrices; simple matrix inverses (particularly in relation to the idea of 
inverse operations and the nonexistence of a multiplicative inverse for zero). 
Possible use of matrices to introduce complex numbers 

4. Prime numbers and factoring. Euclidean algorithm, greatest common 
divisor 

5. Elementaiy Diophantine problems 

6. Integral exponents, both positive and negative 

7. The arithmetic of inequalities 

8. Absolute value " ^ 

; 9. ^ Explicit study of the decimal system of notation including comparison 
with other bases and mixed bases (e.g., miles, yards, feet, inches] 

10. Study of algorithms for adding, subtracting, multiplying, and divid- 
ing, both integers and rational nuuibers, including "original" algorithms made 
up by the children themselves 

11. Methods for checking and verifjt'ing correctness of answers without 
recourse to the teacher 

12. Familiarity with certain ".short t'ut" calculations that serve to illus- 
trate basic properties ()f numbers or of numerals 

^ 13. The use of desk calculators, slide rules, and tables 

14. lu.teipolation ■ 

15. Considerable experience in approximations, estimates, "scientific 
notation," and orders of magnitude 

16. Effect of "round-off" and significant figures 

17. Knowledge of the distinction between rational and irrational munbers 

18. Study of decimals, for rational and irrational numbers 

19. Square roots, inequalities such as 1.41 < < 1.42 
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20/ The Archimedean property and the density of the rational numbers 
including terminating decimals 

21. Nested intervals 

22. Computation with numbers given approximately ( e.g., find tt- given tt) 

23. Simple algebraic equations and inecjualities. 

c 

Perhaps no area of discu'ssifm brought out'^ more viewpoints than the 
question of how the multiplication of signed numbers should be introduced. 
The simple route via the distributive law was considered, but a closely related 
approach was more popular. One observes that the definition of multiplication 
is ours to make but only one definition will have desirable properties. Others 
favored an experimental ' approach involving negative weights pn balance 
boards, etc. Still others favored the "negative debt" approach. Even the 
s immediate introduction of signed area was proposed. It seems quite likely that 
all approaches .should be tried, since there will probably be much variation 
from student to student concerning what is convincing. The question is evi- 
dently not mathematical; it is purely pedagogic. The problem is to convey the 
"inner reasonableness" of ( — 1) x ( — 1) = +1. 

Geometry 

In the later grades of elementary school, relatively little pure geometry 
would be introduced, but more experience with the topics from K-2 would be 
built up. The pictorial representation of sets with Venn diagrams and the 
graphing of elementary functions using Cartesian coordinates would be con- 
• tinned. In addition, there is much of value in the .suggestions put forward by 
educators in Holland, and described by Freudenthal in an article in the Mathe- 
matics Student (1956, pp. 82-97:), in which many geometrical questions are 
motivated by problems concerning solid bodies and the ways they fit together. 
Nc"w topics might include: 

1. Mensuration formulas for familiar figures 

2. Approximate determination pf tt by measuring circles 

3. Conic sections 

4. Equation determining a straight line 

5. Cartesian coordinates in 3 dimensions 

6. Polar coordinates 

7. Latitude and longitude 

8. Symmetry of more sophisticated figures (e.g., wallpaper) & 

9. Similar figiu'cs intei-preted as scale models and problems of indirect 
measurements 

V 10. Vectors, possibly including some statics and linear kinematics 
11. Symmetry argument for the congmence of the base angles of an 
isosceles triangle. 
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Logic and Foundations * 

■> . ■ ' V 

1. The vocabulary- (?f elementary logic: tme, false, implication, double 
implieati(?n, contradiction 

2. Truth tables for simplest connectives 

3. The common schemes of inference: 

P-^ QandP F-^ Qand^ Q 

Q -P 

4. Simple uses of mathematical induction 

5. Preliminary recognition of the roles of axioms and theorems in rela- 
tion to the real number system 

6. Simple uses of logical implication or "derivations" in studying algo- 
rithms, more complicated identities, etc. 

7. Elements of flow^ charting 

8. Simple uses of indirect proof, in studying inequalities, proving V2 
ij-rational, and so on 

9. Study of sets,. relations, and functions. Graphs of relations and func- 
tions, both discrete and continuous. Graphs of empiricaUy determined functions 

10. Explicit study of the relation of open sentences and their tmth sets 

11. The concepts of isomorphism and transformation (pp. 36-39). 

The reader will find it interesting to contrast the curricular 
"validity" of this proposed curriculum with that of the strict social utility^ 
point of view suggested by the example from Wilsons textbook in 
Figure 1 of this chapter. 

Assuming thp Goals for School Mathematics curriculum to be 
implemented in 20 years from its publication date 1963, as of this writing 
(192^) v/e are well beVond the half way point timewise but not any 
nearer goalwise than the day it was published. Could the biased 
enthusiasm of the members of the Goals Conmiittec have caused them 
to misjudge the appropriateness (validit)-) of their proposals? 

Evidence is increasing that this could be so. There is over- 
wliehning agreenumt among teachers and professional mathematics 
educators that most current modern mathematics textbook prx^grams St 
reasonably well oiily the top third of the elementar\' and middle school 
children. 

Among mathematicians, Newsom (1972) expressed the thoughts of 
man\- when he recently stated, "I must confess an early satisfaction (with 
the new elementary mathematics curricula). Now, however, we are 
learning that good mathematicians had too Tree a hand in the develop- 
ment of the programs'* (p. 880). 

And Henry Van Eng(»n (1972) recently wrote: "Most certainlv 
there is reason to question the degree of formalism that is creeping into 
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the elementar)' school. Furthermore, the rapid pace of the more usual 
programs is questionable* (p. 615). 

An early and outspoken eritie of "new math" was Professor Morris 
Kline (1966,' 1973). A few of his criticisms that b(nir on die validity 
question are sunimanzed here. 

L Advocates of the "new math" assumed that when the deductive 
logic of mathematics was revealed to young students, the students would 
understand it. The logically sound was assumed to be the pedagogically 
sound approach to teaching mathematics. Kline suggests that an ordered 
logical presentation of madiematics may have aesthetic, appeal to the 
mathematician but serves as an anaesthetic to the student. A caution 
v\(Ould perhaps seem in order in light of the "bandwagon" type reactions 
that often characterize educational policy and practices. One should not 
conclude from Klines criticism that mathematics should therefore be 
presented in disordered, illogical manner. Order and logic do have a 
place in eurrieulum considerations. 

2. Manv "new math" programs not only used a rather excMsive 
deductive approach to mathematies, but also recjuired a rigorous deduc- 
tive development.^ Reference was being made to the incorporation into 
school programs of additional axioms and theorems that introduced a 
mathematical rigor to explicate ideas that had been implicitly used for 
years. Kline contends that to ask students to recognize the need for 
these missing axioms and theorems is to a.sk for a critical attitude and 
maturity of mind that is entirely beyond young people. 

3. "New math" programs strove to increase the precision x)f the 
language used in conveying^ mathematical ideas. The consequence of 
that striving was an iminense amoimt of terminologv' ^md symbolism. 
Fevnnian is quoted bv Kline as saying that he sees no need or reason 
for all this ( temiinologv' and sjinbolism) to be explained or to be taught 
in school. The real problem' in speech is not precise language. The 
problem is clear language. 

4. Manv "new math" programs tended to present mathematics for 
mathematics* 'sake. Much of the development was divorced from sig- 
nificant real world applications. The assumption was made that the 
significance would follow from the study of the stnicture of mathematics. 
Klines contention is that mathematical structure cannot be significant 
for elementiiry and high school students and it should not be taught 
at this level. 

5. Although most of die material in "new math" programs is the 
traditional material, it does include some new content such as work 
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with sets, non-decimal bases of numeration, and congruence. The value 
of these new topics was purported to be that they are more general and 
can serve as unifying strands. Kline suggests that the more general 
the mathematical concept, the emptier it is. The familiar argument that 
it is efficient to teach the abstract concept early because it comprises 
several concrete cases at once is groundless. So far as efficiency is 
concerned, the time that is wasted is the time spent teaching the 
abstract concept. 

Those concerned with a more objective analysis of the new math 
programs may be interested in a report entitled An Analysis of New 
Mathematics Programs prepared bv the National' Council of Teachers of 
Mathematics (1963). 

Finally, and perhaps most significantiy in discussing the question- 
"Did the new math* programs possess curricular validity?"~we now see 
the emergence of programs aimed at a particular targeted population. 
Several publishers have produced modern math programs aimed at the 
"below average" or "slow learner" population-evidence of the lack of 
appropriateness of the early new math programs for many children. 

And now Education Development Center, Inc. (EDC), which 
formerly held to a rigorous, structured math theory of curriculum in the 
publications of some of its projects, has recently announced a program 
with "a new set of objectives for mathematics education that are more in 
keeping with conten-.porary needs and interests" (Lazanis, 1974). 

Project ONE claims to have identified five topics that "together com- 
prise a basic ^literacy' in mathematics." These five topics are: 

1. Counting and ordering; the nuHiber .system, decimal notation, and 
powers of 10; very large and vciy small nurahers, .such as 6 \ 10'' and 6 x 10 
Arithmetic with small integers, such as 5 x 6. Approximate arithmetic, such 
as 31 X 49 > 1500. (We do not inehide, for example, .set theory, number 
systems other than base 10, arithmetic with elaborate fractions such as 
281 , 2 ' , , 

365 cj » (^rl^'"g division.) 

2. The concept of measurement; i.e., the description of real objects and 
situations in numbers. Units of measurement. 

3. The ability to make reasonable, ofF-the-eufF estimates; e,g., of size, 
place, time, and quantity. (This is important to a casual, intuitive use of 
mathematics.) 

4. The concept of size-sealing and mapping;, the underlying concept 
of ratio. 

5. Graphs in one dimension (number lines), and in two dimensions 
( crossed nmnber lines ) . 

A second aspc^et of this new mathematical literacy program i:; a set 
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of cognitive skills aimed at the development of (juantitative tliinking- 
"rcasoning, problem solving, and analytic thinking and . . . a knack for 
turning difficult problems into simpler ones.".. 

The answer to the validity (jnestion seems to be that the fonn 
in which the "new math'' emerged was most valid for the intellectually 
bright and mathematically talented students. It was less valid for the 
average student, and least valid for the slow and/or mathematically 
disinterested. Care must be taken, however, in not jumping to the con- 
clusion that because of the extremism that characterized some of the 
"new math" programs, the critics are arguing for a return to the rote, 
meaningless learning and drill-teaching that charactefized some tradi- 
tional instruction. 

Care must also be taken not to over-react . . . extremely. Curricular 
accommodations to student needs on such concerns as degree of abstrac- 
tion, rigor, formalism, precision, and structure seem to be called for. 
This" does not mean ignoring the place of some of these in the develop- 
ment of a balanced curriculum. Likewise, accommodations to societal 
needs of niathemati(ps, and the significance that such applications can 
give the student, seem to be needed. Agaui, care should be taken not to 
ignore some of the previously mentioned mathematical concerns for tbe 
sake of social utility and social reliance. 

What does research that compared students in "new" and 
"traditional" programs seem to suggest? 

Before presenting a sunnnar\' of some of the .studies carried out 
in evaluating innovative programs, a few general observations can be 
made. It is probably fair to say that a great deal more effort and energ)* 
were committed to curriculum development projects over the past few 
decades than to well-designed research to study the impact on children 
of the projects. A multitude of factors may have contributed; only a few 
possibilities are presented. 

One realistic factor may have been that funding agencies sub- 
ordinated evaluation resources to developmental resources. Since evalua- 
tion considerations often follow developmental considerations, money 
and interest may have waned in the evaluation stages of projects. 
Another factor may have been the lack of valid testing instruments to 
measure those higher cognitive processes which many of the programs 
purported to develop. Still another factor may have been Jthat many 
innovators were caught up in the ".spirit of cfiange" of the times and 
may have felt constrained by, and therefore drained, traditional con- ^ 
cerns for evaluation of project outcomes on school children. 
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For whatever the reason, there is not a great deal of ''hard" 
evidence on the advantages or disadvantages of "new" programs. How- 
ever, some tendencies seem to be justified within the Umitations of the 
cxisti/g iresearch, 

\ The most comprehensive program of evaluation was that carried 
out by the SMSG (School Mathematics Study Group) Panel on Tests 
(1972), Their undertaking was referred to as the National Longitudinal 
Study of Mathematical Abilities (NLSMA)v Their evaluation thrust 
was much more comprehensive than the question presented in this 
section, but they did collect evidence that bears on it. 

In making some general observations on the NLSMA Textbook 
Comparison results, Begle and Wilson (1970) report: 

The difFereiice between the SMSG textbook group and most conventional 
textbook groups at any grade level is largely a contrast of computational-level 
scales on the one hand and understanding of mathematical ideas as indicated 
by comprehension-, application-, and analysis-level scales on the other. There 
are^exceptions to this of course (p. 400). 

At^another point they repqrt: i 

But not all modern textbooks produced the kind of results that were 
expected for them. Some of them in fact did rather poorly on all levels-from 
computatu)n to analysis. Those textbooks which did not do very well were for 
the most part considerably more formal and more rigorous than the SMSG 
books, . . . This remark on the greater formalism is conjectural; it is an opinion 
as to a possihle general explanation of the poor showing of some modem 
textbooks (p, 401) . 

Two other studies that compared SMSG and "traditional" programs 
of school mathematics at the fourth, fifth, and sixth grade levels are/ 
mentioned since they examined longitudinal effects (three years) and 
were quite well designed studies, Hung^»njian (1967) found in general 
that the traditional class did better on the traditional achievement test. 
In examining achievement on various sub-components of the criterion 
instruments, she concluded that achievement was closely related to the 
scope and emphasis of the textl)ook studied, 

Graff t aikl Ruddell (1968) limited their study to the operation of . 
multiplication, but examined it comprehensively. Comparing the three- 
year impact of the SMSG program and "traditional" programs, they used 
as the criteria conventional achievement tests,' non-computational objec- 
tive tests, and individual interview protocols to judge knowledge of 
structure, and a tic.r^'fer test which purported to measure the ability to 
learn more advanced mathematics. Results generally favored the SMSG 
group on all tiie criteria (»xc(»pt computational ability, where th(*re was no 
difference. They concluded that the students in* the SMSG program 
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had greater understanding' and greater transfer ability without diminish- 
ing computational achievement. However, this was true only for average 
and abovq-average students. No differences in any category were ob- 
tained for slow learners. 

Other studies comparing modern textbook program?, with tradi- 
tional, or examining the cognitive impact of modern programs, were very 
limited in scope and design. 

A great deal pf care mtist be taken in interpreting the findings 
from the studies comparing "modem" and "traditional" programs. The 
tacit assumption is that any differences found can be attributed to |he 
curriculum materials, Btownell (1963, 1967, 1968) raised, the more 
fundamental question: perhaps the differences, if any, and in whichever 
directye;i, are due to the skill and enthusiasm of. the teacher, not to 
thi materials. ' . 

To test his hypothesis. Brown ell studied two mathematics pro- 
grams in Scotland and England. One program (A) involved the use 
of materials (Cuisenaire' rods) which were/ new" to the teachers, and 
the other (B) used traditional methods and ifiaterials. Progi'am A was 
new in the cooperating Scottish schools; but in England where the 
teachers had been exposed to one new sy^stem of instructipn after 
another, they teiided to view Program A as just another scheme in a 
long series. 

Brownell found that the reason the children in cooperating Scottish 
schools did better was not due to the materials but to the teachers 
enthusiasm for the new. Using the new rais(^ the teachers "qt'.ality of 
teaching" To add further support t^ his hypothesis, Brownell found 
that in the cooperating English schools, where the' novelty of the 
material no longer held, children in the traditional program did better 
than children in the experimental program. 

Brownell concluded that the significant varifvble was not the two 
programs but quahtv' of teaching. It bore out^the by no means new fact 
that an instructional program is one thing in the hanclFof expert, inter- 
ested teachers, and^-another' thing in the hands of teachers who do not 
possess these characteristics. 

In summary, the research comparing student performance in "new" 
and "traditional" programs seems to confirm a common sense prediction. 
Students in textbook programs that emphasized conceptual aspects of 
school mathematics tended to demonstrate higher performance on tests 
composed of conceptual tasks; those in programs that emphasized the 
less conceptual aspects demonstrated higher performance on the less 
conceptual skill tasks. Some quahfying trends appear from, the data, 
however. The advantage in performance of students in "new" programs 

a 
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over "traditioiiaj" on more conceptually oriented test tasks seemed to be 
primarily true for higher ability students. Also, there is evidence of 
classes in "new" progranis that do ver\' well on less conceptual as well 
as conceptual tasks, and classes in "traditioiial" programs that do ver\* 
well on conceptual as well as less conceptual tasks. This evidence, 
together with BrowTicU's, points out the many non-curricular variables 
that enter into curriculum evaluation and the complexity of curriculum 
research. 



What have we learned from the first National Assessment of 
Mathematics (NAEP)? 

The National Asse*Ssment of Educational Progress (NAEP) is an 
infomation-gfi'thering project which surveys the educational attainments 
of 9-year-olds, 13-year-olds,' 17-year-olds, and adults (ages 26-35) in 
10 learning areas— one of which is mathematics. The recently released 
Mathematics Report (1975) presents the findings in the two areas of 
math fundamentals— computation and cdmputation with translation 
(verbal problem solving). ' ^ 

A sample computation item appears in Figure 3, together with the 
performance of each age group. And one of the "more complex transla- 
tions" (verbal problems) appears in Figure 4. 

The report states that the sample populations were chosen in such 

Add the following numbers: 
$ 3.09 
10.00 

9.14 

5.10 



Age 9 , Age 13 Age 17 Adult 

27.33* (with or without 

$ sign) 40% 84% y2% 86% 



Decimal placement errors 
(correct numbers) 


22 


8 


2 


6 


One or two regrouping ^ 
errors (may misplace 
decimal) 


5 


2 


2 


2 


Other unacceptable 


27 


6 


4 


6 


1 don't kriow or no response 


6 


It 


+ ** 





* Asterisk indicates correct answer. ^ 
t Figures may not a'dd to 100% due to rounding errors. 

* * Plus equals rounded percents less than one. 



FIgufe 3. Exercise RC01 
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\i John drives at an average spaed of 50 miles 
hours will it take him to drive 27$ miles? 


an hour, h'6w 


many 




Age 9 


Age 13 


Age 17 


Adult 


51/2, 5 hrs. 30 mtn., 
51/2 hrs.. 5.5. etc.* 


6% 


33%/ 


64% 


67% 


Wrote down problem right, 
no or incorrect answer 


1 


15 


13 


8 


Answering 5 and 25, 
5 hrs. and 25 


1 


11 


4 


3 



* Asterisk indicates correct answer. 

F^igure 4. Exercise RC13 

a way that the results of their assessment can be generalized to an entire 
population. That is, on the basis of the performance of about 2,500 
9-year-olds on a given exercise, we can generalize about the probable 
performance of all 9-year-olds in the nation. 

The data were analyzed by sex, by race, by region^ of 'the country, 
by parental education, and by size and type of community. 

Neither sex has a clear advantage in computational ability since 
results for males and females varied at t^io different age levels. At all 
ages, males generally did better than females on the more difficult 
exercises and on word problems. Females tended to do better on "pure 
computation" exercises demanding the application of a specific mathe- 
matical process. 

In regard to race, the data suggested that the performance of Blacks 
was generally below that of the nation as 'a whole. Wliite performance 
was above that of the nation and was virtually constant at all age levels. 

Level of parental education had a considerable influence on per- 
formance. Those whose parents had no high school education were from 
8 to 13 percentage points below the nation as a whole, while those with^ 
at least one parent having some past high school education were 6 to 7 
percentage points above the national level. 

Results for two types of coriimunities— high metro (in or near large 
cities and most adults in managerial or professional positions) and low 
metro ( in or near large cities and most adults on welfare or not regulariy 
employed )-~differed appreciably from national percentages. The high 
metro group performed consistently well on almost all the exercises at 
every level. Overall results for the low metro group were 10 to 16 per- 
centage points below the national levels. 

Great care must be taken in trv'ing to interpret this ty-po of group 

29. 
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Figure 5. Median Dififerences from National 
Performance Levels^, by Region 

probably not mutually exclusive classifications. Perfomianco differences 
attributed to race, .for example, may in fact be manifested from a complex 
of socioecunomic factors which may include parent education and com- 
munity type. 

The Nortlieas-tem region (Figure 5) performed above national levels 
at all ages, although this tendency decreased with age. The Southeast was 
approximately six percen^ige points below the nation in overall perfor- 
mance at age 9; however, performance in relation to the nation steadilv 
improved from ages 13 to adult. 

Was (Is) Sesame Street siuccessfui in teaching mathematics 
concepts to young children? 

Sesmfie Street is a series of television programs produced by Chil- 
dren's Television Workshop (CTW) and telecast by more than EOQ edu- 
cational television stations in the United States (and subsequently in 
more than 50 nations) beginning Novemlper 1969. 

End-of-the-year (summative) evaluation was curried out by Edu- 
cational Testing Service (Bogatz and Ball, 1971) with samples of over 
1,000 children, ages three, four, and-five, in Boston, suburban Philadel- 
phia, Durham, North Carolina, Phoei^.x, Arizona, and northeastern 
rural CaHfomia. 

A follow-up study from the first year s^implo was carried out to 
assess the^continning effects of viewing over a tXvo-year jperiod on the 
at-home, urban, disadvantaged children in Boston, Durham,! and Phoenix. 

Also, a new study was carried out during tl^e secdncl^year of dis- 
advantage,d, at-home preschool children in Winston-Salem, Nbrth Caro- 
lina, and Los Angeles, California, partitioned'into experimental (viewing"") 
and control (nqp- viewing) groups. 
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Some general findkig.s reported are: 

I: Children who watched the mostdeanied the most. The amount of 
learning that took place . . . increased in relation to the amount of time the 
child watched the program. This liolds^ true across age, sex, geographical 
location, socioeconomic statns, mental age, and whether children watched at 
home or at school. 

2. The .skills that received the most time and attention ()n the progi'am 
were, with rare exceptions, the skills that were best learned. 

3. The program did not require adult supei*\'ision in order for ehildi-en 
tivleani. Children viewing at home showed gains as great as, and in some 
ca.^es greater than, children who watched in school under the supervision 
of a teacher. 

4. The three-vear-old children gained the most; five-year-olds the least. 

5. Dis'advatitaged' children who watched a great deal smpassed the 
middle class children who watched onK* a little. 

Some specific findings reported are: 

1. Statisticallv significant results in the second year were found in: 
function of body parts, naming geometric forms, roles of community members, 
matching by form, naming letters, letter .vounds, sight reading, recognizing 
numbers^ naming numbers, counting, relational terms, classifying using a single 
criterion, and sorting. 

• 2. Results were' not clear in such areas a.s: naming body parts, recog- 
nizing letters, initial .sounds, decoding, left-right orientation, counting strate- 
gies, number/numeral correspondence, addition and subtraction, double classi- 
fication, and emotions. 

3. The show had no significant impact in: recognizing geometric foims, 
matching by position, alphabet recitation, enumeration, confiervation, and parts 
of the whole. ' * 

4. hi no instance did Sesame Street seem to have a negative impact. 

The study is summarized this way: "The future will doubtless see 
more shows on television along the lines of Sesame Street addressed to 
other age groups. We look forward to this future, for the potential value 
of public television has been demonstrated by Sesame Street.^' 

What about the IPI Math Program (Individually 
Prescribed Instruction)? 

The IPI Mathematics Program is a contempi. ary effort in^a long 
series of efforts extending back almost a century , to find ways to adapt 
the school mathematics program to the varying abilities of children. As 
with any highly visible program, it has its strong supporters and its 
equally strong detractors. 
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One source (Research for Better Schools, 1974) describes the pro- 
gram as an indivijdualized, student-orionted instructional program for 
grades 1-6. It is constnicted around a continuum of over 350 mstructional 
behaviors. The objectives are gi'ouped . into 10 learning areas. Com- 
ponents of the system include diagnostic tests, various learning resources, 
and management aids that facilitate the achievement of the pi'ograms 
objectives.. >The description further- suggests that IPI mathematics can 
be used in various kinds of school settings and can be used with diverse 
populations of elementar)^ school children. 

The objectives of IPI are seen as: (a) enabling students ^to progress 
at their ovvn rate through the learning sequence, (b) developing a demon- 
strable degree of content mastery in each student, (c) enabling students 
to acquire self-initiation and self-direction in their learning, (d) fostering 
the development of problem-solving thought processes, and (e) encour- 
aging self-evaluation and motivation for learning in the children. 

The basic assumptions underlying the IPI Mathematics Prpgram 
have been questioned and are being questioned. Lipson (1974) said. 

The program had almost everything going for it-a competent research 
team, creative instructional designers, cooperating teachers in the field. It had 
everything except great success. I supervised the development of the first 
versions of the IPI mathematics modules arid can say that the program did not 
produce the dramatic gains that had been hoped for. But why was this true? 
Were its problems unique? Or were they the same problems that have beset 
so many innovative progi'a^ns that promise to revolutionize traditional educa- 
tion? The answer, I feel, is that the program, and many like it, was built 
on false assumptions (p. 60). 

Edgar Dale ( 197,4) discussed one of the assumptions— that of having 
children work alone. 

So we must examine the conventional wisdom about learning and see 
where it fits and where it doesn't. Conventional wisdom says that we must 
individualize instruction. Thus, children wind up in a modernized version 
of a desk, the carrel But a larger wisdom suggests that our most important 
learning is social. . ^ . 

Remember that the language laboratoiy, used to learn a foreign language, 
did not fulfill its high hopes because ^^the cairel could not seat two or morfe 
people. We must both individualize and socialize, having individual and group 
learning. We need more individualized group instruction (p. 2). 

The current IPI program makes some provisions for the social 
learnings alluded to by Dale. Woyk on the materials can be carried on 
in small groups when the teacher sees a need for such grouping. 

Erlwanger (1973) studied the mathematical thought processes of a 
12-year-old boy, Benny, who was making much better than average 
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progress through the IPI program. It was discovered by Erlwanger 
that Benny understood incorrectly some aspects of the work. He also 
had developed learning habits and \'iews about mathematics that woul^ 
impede his progress in the future. 

Erlwanger suggests that Benny's misconceptions "indicate that the 
weakness of IPI stems from its behaviorist approach to mathematics, its 
mode of iinstruction, and its concept of individualization." 

Is IPI Mitthematics more effective than other contemporary pro- 
grams? The answer to this question is not easy to find. Well-designed, 
scientifically rigorous studies are seemingly nonexistent. Findings of 
research studies th[\t do not meet the canons of scientific research are, 
of course, many and cpnflicting. 

In the EPIE report Evaluating Instructional Systems (1'974), we 
find this summary discus.sion of summative evaluations: 

Students achieve as well or better than non-IP I students on standardized 
tests, Hcliieve higher than lum-IPl students oit IPI tests, have a positive attitude 
towards school and learning, and demonstrate a change in social behavior. 

Parent reactions hav been highly positive, indicating that their children 
like school better. Parents also feel that IPI considers individual differences 
and is a successful experience and that IPI is superior to tmditional mathe- 
matics programs (p. 58). 

'While IPI claims the IPI system (math, science, spelling, and 
reading) has produced effective results with a variety of populations: 
disadvantaged, rural, and mentally retarded as well as regular popula- 
tions, EPIE disagrees with this. EPIE states "the data are particularly 
mixed on the use of IPI with different populations and in different 
settings. In our estimation, the designs of studies are unable to document 
whether different findings are a result of the program" or of the imple- 
mentation of the program" (p. 58). 

Contrary to the claims made that I PL children achieve as well or 
better in mathematics than non-IPI children. Suydam and Weaver • 
(undated) reported in a bias-free bulletin that "no substantial evidence 
to date supports an affirmative answer to this question (Is achievement 
in mathematics increased by a program of Individually Prescribed 
Instruction?). When the IPI program ... is considered, achievement of 
pupils has generally been found to be approximately equivalent to that 
of pupils in non-indl/idualized programs." 

How dcc^s the IPI math program affect a child's self-concept? 
Myca (1972) reported at a meeting of the American Educational Re- 
search Association that "students who have hem in IPI progi*ams three 
years have significantly lower self-concepts than students who have hem 
in IPI programs one or two years ..." (p. 17). 
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In the light of these results, the fact that students who had IPI 
for two or three years had lower (italies hers) self-eoncepts than those 
who were in their first year of IPI instruction, and the fact that these 
results were consistent across high achieving and average achieving 
.students, suggest that "the IPI program itself may be causing these 
decreasing perceptions of self." 

In the previously mentioned EPIE report can be found Chart 9 
(p. 59), which lists the average cost of IPI math per student as $7.50 for 
the first year and $7.50 (est.) as the average cost per student over a 
five-year period. Assuming the cost of a standard textbook as about 
$4.00 and a life us*e of four years, the average cost of such a book would 
be $1.00 per year. 

In this "age of accountability" school personnel need to ask whether 
a seven-fold increase in cost of IPI basic materials, can be justified in 
the^ light of presently avi\ilable evidence of the learning outcomes. 

' Finally, E. P. Smith (1973), writing in his role as President of the 
National Council of Teachers of Mathematics, expressed his concern 
that individualized insti'uction is benig viewed by some as, a ^'panacea 
to cure all of the mathematical ills of all of our students." He goes on 
to say: 

I have 110 (jiiarrel witK those who individualized instruction expeiimen- 
tally with a limited number of classes to perfect techniques and procedures and 
to compare its effectiveness with that of group or oth^r modes of instruction. 
But I do deplore the wholesale imposition of the technique on teachers and 
students with the tacit assumption that the method is superior to any method 
they have used before. The evidence does not support the assumption 
(pp. 507-508). . 

What is the place of behavioral objectives in determining 
the curriculum in elementary school mathematics? 

The nature of educational objectives has, itself, been an object of 
in(}uiry for centuries. The past century has seen the emergence of 
curricuhun as a separate area of study within education, and educational ' 
objectives have received ever incn*easing analytic appraisal within this 
area. As with most streams of inquiry, diverse viewpoints exist, and 
appeals to recognized authority and empirical evidence are made in 
support of these disparate views. 

In the first part of the present century, diose involved with deter- 
miiling the objectives of mathematics education were often influenced by 
two fields of force: one ' generated by the **Associationist" theory of 
learning and one generated by the "Gestaltist" theory of learning. 
Extremist advocates of the former view were often preoccupied with 
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partitioning mathematics into ininute, discrete elements. Extremist advo- 
cates of the latter view were often preoccnpied with identifying mathe- 
matical structure which was viewed as the dynamic force that, in the 
contemporary vernacular, "put it all together." For teachers of elementary 
school mathcuuitics this translated into .teaching by focusing on a few 
essential relationships and understandings embedded in the mathematical 
content 

. The latter half of the centur\' has been marked by further analysis 
of the components of curriculum. Ta.xonomies, cognitive (Bloom et aU 
1956) and affective (Krathwohl, Bloom, and Masia, 1956), have con- 
tributed to specificity of objective statements and measurement of 
abjective accomplishments. Analyses of types of cognitive learnings into 
hierarchical classifications have also contributed to task-specific cur- 
riculum formulations (Gagne, 1970). Influence from the "technologicalv 
jmd "management-systems" .sectors of the educational establishment, as 
well as the demand for "accountabihty" from sectors of society, have 
given impetus to a neo-behaviorist influence on the mathematics cur- 
riculum. For contemporary teachers of mathe^xiatics this often translates 
into teaching a curriculum prescribed and circumscribed by "measurable- 
behavior objectives." 

One counter force to the behaviorist influence on curriculum is 
the group that views the goals of mathematics in education from a 
"humanistic" position. Theoretical support for this movement emerges 
fr )m a new branch of psycholog\-, neo-humanistic psychology, and has 
been led by such people as Abraham Maslovv (1968) and Carl Rogers 
(1969), 

In mathematics education thi.s position has recently been articulated 
by Braunfeld, Kaufman/ and Haag (1973) and BrowTi (1973). For 
teachers of mathematics this often translates into teaching a curriculum 
that is. not prescribed or circumscribed but encourages "deep" probes and 
"creative" explorations of mathematics content by students. 

^ Forbes (1971) has stated his view of tlie e.xtrcwe positions on 
behavioral obj(*ctives. For those favoring the behavioral objective view: 

All objectives of instniction can and must be stated in terms of student 
behaviors that arc to be exhibited. Anydiing not so stated is not an objective 
but merely a vague hope (p. 744). 

For those opposed to the behaviofal objective view: 
The only objectives of instniction that can be stated in behavioral terms 
are low-level objectives in the cognitive domain. Higher k^-el objectives in this 
domain and essentially all objectives in the affective domain cannot be so 
stated. To limit goals of instruction to beliavioral objectives would be to limit 
instruction to the "mechanics" of mathematics (p. 744). 
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Wtilbesser (1972) has recited a few of the most prominent chiims 
for writing instructional purposes in teniis of behavioral objectives. 

1. InfoiTTiing the leanier about the purposes for instruction aici:> ^ • 
learning and recall. ** 

2. Behavioral objectives aid the teacher in planning for effective instruc- 
tion. ^ ^ 

3. Knowing the behavioral objectives facilitates the designing of pro- 
grams of individualized instruction. 

4. Learning needs of individual students can be diagnosed more accu- 
rately when the expected learnings are precisely stated. 

5. The success or failure of educators can be made accountable to the 
public in terms of the behaviors acquired by students. 

6^ Each leamer can proceed at his own rate of acquisition when a course 
is set of behaviors to be acquired (p. 436). 

o Eisner (1967) has stated some concerns about curricula prescribed 
by behavioral objectives. In summary they are: / 

1. The am{)unt, type, and quality of learning that occurs in a classroom, 
especially when there is interaction among students, are only in a small part 
predictable. •Therefor?, the dynamic and complex process of instruction yields 
outcomes far too numerous to be specified in behavioral and content tei*rns in 
advance. ' I 

2. The behavioral objectivists fail to retiognize the constraints various 
subject-matters place upon objectives. Effective instmction in some areas should 
yield J[)ehavi()rs and products which are" unpredictable. The end achieved ought 
to ])e something of a sui-pvise to both stud'en^ and teacher. 

3. The assumption that objectives can be used as standards by which to 
measure achievement fails to distinguish adequately between the application of 
standards and making of a judgment. 

4. Educational objectives need not precede the selection and organiza- 
tion of content. The means through which imaginative curricuUims can be 
built is as open-ended as the means through which scientific and t^i'tistic inven- 
tions occur. Curriculum theory needs to allow for a variety of processes to be 
employed in the construction of curriculums. 

Others (Nichols, 1972: Atkin. 1968; Allendoerfer,/ 1971; D. A. 
Johnson, 1971) have also presented their views on th<^ place of be- 
havioral objectives in mathematics education or related areas. . 

The issue of behaviorally-stated objectives is one capable of stirring 
much emotion. Positions on the issue tend to polarize with opposing 
beliefs about "What is mathematics?" "How does one come to know 
and appreciate niatht»matics?" "What mathematics is most valuable to 
know?" It is an extremely value-laden issue. 

Thp "mathematics as science" or "mathematics as art" issue has 
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ebbed and flowed within the discipHne for centuries. The "mathematics 
eaucation as a science" or "nlathematics education as an art" issue is 
^ closely related within the applied field of education. 

Certain cautions would seem warranted for the classroom teacher 
considering the place of behavioral objectives in mathematics education. 
An extreme adherence to behaviorally prescribed objectives in mathe- 
matics may so dilute and mechanize learning that students may be 
deprived of the opportunity and enjoyment of creating mathematics, or* 
a glimpse of its beautj' and structure. An extreme "humanistic" view 
may benefit the fevv talented studejnts (with talented teachers) who 
are capable of cheating mathematics 'and gaining enjoyment and appre- 
ciation from romantic excursions into the discipline, while depriving the 
less talented or the disinterested siudent of the systematic teaching of 
mathematical skills necessary for productive living. 

What does the work at Piaget suggest about the 
cognitive development, of the child? 

Research studies that attempt to verify, deny, elaborate, translate, 
imd illuminate the theoretical and empirical works of the Swiss "Master" 
continue to abound. It is beyond the scopt; of this monograph to attempt 
an analysis of Piaget's work, and the many studies by others bearing on 
his work, which has evolved over a half-centur\' of time. The reader 
interested in Piaget's writings would do well to sample his works on 
intelligence (Inhelder and Piaget, 1958), number (Piaget and Szeminska, 
1952), space (Piaget and Inhelder, 1956), and geometry (Piaget et al, 
1960), For those interested in delving into others' views on Piaget's 
^ works, excellent summaries and collections are now available (Flavell, 
ip&3; Rosskopf, Steffe, and Taback, 1971; Lovell, 1971c; Laurendeau and 
Pinard, 1970). 

The following glimpses of Piaget's theory on the development of 
logical thought are taken from a recent paper presented at the Second 
International Congress on Mathematical Education (Howson, 1973). 

It would seem . . . psychologically clear that logic does not arise out of 
language but from a deeper source and this is to be found in the general 
coordination of actions (p. 79). 

. . . before all language, and at a purely sensorimotor level, actions are 
susceptible to repetition and then to generalization thus building up what could 
be called assimilation schemes. These schemes organize themselves according 
. to certain laws and it would seem impossible to deny the relationship ])et\veen 
these laws and the laws of logic (pp. 79-80). 

Briefly, there is a whole logic of the action that leads to the constniction 
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of certain identities and these go Keyond perception and to the elaboration of 
certain structiu-es (p. 80). 

Thus, this initial role of actions and logico- mathematical experience 
(Piaget distinguishes between "physical expc^rience" and "logico-mathepiatical" 
experience; the former refers to acting on objects in order to discover the 
properties of the objects themselves, the latter refers to the actions carried out 
by the child on objects), far from hindering the later development of deductive 
lliought, constitutes, on the eontrar\', a necessary preparation ... (p. 81). 

... mental or intellectual operations, which intervene in the subsequent 
deductive reasoning processes, thcmseh'es stem from actions: they are interior- 
ized actions ... (p. 81). * 

Coordinatirms of actions and logico-mathematical experience, whilst 
interiorizing themselves, give rise to the creation of a particular variety of 
abstraction which corresponds precisely to logical and mathematical abstrac- 
tion: ... (p. 81). 

. . . betvvotjn the age where material actions an*'^ logico-mathematical 
experience are necessarv' (before 7/8 years old) and the age where abstract 
thought begins to be possible (towards 11/1^ years old and through successive 
levels un^il '^bout 14/15 years) there is an important stage whose characteristics 
are interesting to the psychologist and useful to>know for the teacher. In fact, 
between the age of T and 11/12 years, an important spontaneous development 
of deductive operations vvilh their characteristics of conservation, revv?rsibility, 
etc., can be ob.served. ... At this level the child cannot as yet reason on pure 
hypotheses, expressed verl)ally, and, in order to arrive at a coherent deduction, 
he needs to apply his reasoning to manipulative objects (real or imagined). 
For these reasons, at this level we refer "to "concrete operations" as distinct 
from formal operations. These concrete operations are, in fact, intermediaries 
between actions of the preoperational stage and the stage of abstract thought 
which comes much later (p. 86). 

These glimpses of Piaget's developmental theory of logical processes 
highlight the essential role that action and experience play in develop- 
ment. Piaget s theorv' also points out the secondary role of language in 
logical development, at least at the elementarv' school years. This point 
of view offers much food for tbnnght, especially in schools where student 
progress is judged on the basis of verbal behavior. 

What does the work of Piaget suggest for the curriculum 
in elementary school mathematics? 

This extremely complex question can probably best be answered 
quite simply, "a great deal or very little.-" It all depends on the view 
taken on the basic questions: "What mathematical knowledge is of most 
value?" and *'Why?" 
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It may be useful to try to illustrate this poinJ:. Take the case .-of 
basic combinations of addition of whole numbers. From one perspective 
the value of knowing these combiiiations may be described in quite 
fimetional and utilitarian terms. From this perspective the value of these 
learnings is associated with needs in computing, needs in simple social 
situations, and communication literacy. Knowledge of the basic com- 
binations of addition is thtni characterized in terms' of immediate recall, 
speed of response, accuracy of response, maturity o^ response, amount of 
retention, amount of specific transfer, and comprehension of numerical 
symbolism and problem solving ability. Given this perspective of 
"knowledge of basic addition combinations," then it seems that the work 

^ of Piaget has little application to the elementary school mathematics 
curriculum. The work of the "associationist" theorists or "behaviorist" 
theorists would pn)bably be more relevant. 

In another case, mathematics topics at the elementar\' school level 

. may be viewed and valued for their logico-mathematical meaningful- 
ness— being homogeneous with other topics forming the deductive science 
of mathematics. From this perspective the experiences with materials^ 
used in exploring the basic combinations of addition are valued for the 
opportunity they present the child to re-invent and elaborate appropriate 
logico-mathematical processes. Knowledge of the basic combinations of 
addition is indicated in terms of appropriate deductive operations with 
their characteristics of conservation, reversibility, and compensation. 
Given this perspective of "knowledge of basic addition combinations," 
then it seems that the theoiy of intellectual development proposed by 
Piaget has a gr^at deal to say for the elementary mathematics curriculum. 

Another basic curriculum difference in elementary school mathe- 
matics instruction between Piagetian and more traditional utilitarian- 
associationist positions involves the use of manipulative materials and 
symbolic materials. Because of the nature of the logical structures avail- 

i aBlp to the child during the elementaiy years, actions on— and experiences 
with— appropriate manipulative objects are essential for logico-mathe- 
matical development. But from a more functional-utilitarian perspective, 
mathematical needs are much more verbal in character, and instruction 
would put much emphasis on the verbal (both written and oral) mode. 
The main mathematics deliver\- system in the elementary school from 
the Piagetian perspective would consist of appropriate manipulatives for 
the student to experience ^nd act on in the development of psycho- 
mathematical, deductive processes. The main delivery system from the 
more utilitarian-associationist position would mainly consist of printed 
or orally presented materials. 

Imphcations for mea.surement and evaluation of instruction from 
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the two different perspectives are also quite evident. Piaget (1973) has 
pointed oiit: 

. . . the pupil will be far more capable of "doing' and "understanding 
in actions" than of expressini? liiuiself veiballv. hi other words, a large part of 
the structures the child uses when he sets out actively to solve a problem 
remain unconscious, hi fact, it is a very general psychological law that the 
child can do something in action long before he really becomes "aware" of 
what is involved— Vawareiiess" occurs long after the action (p. 86). 

From a more funetifmal-utilitaiiau perspective, since much instruc- 
tion is characteri'/.ed as "verbal" the child may be much better prepared 
to respond to verbal testing and evaluation situations. From the Piagctian 
perspective a child may meaningfully "know" much more than he can 
verbalize. From the more functional-utilitarian perspective the child may 
often verbalize more than he meaningfully "knows." 

Discussion\of the math curriculum from the fe^o perspectives was 
done to sugge^st an important point. Care must be taken in "trans- 
planting" a litde bit of Piaget into a dissonant "host." The work of Piaget 
would seem to have major implications for cu'^^culum in a situation 
where his epistemological view has been studied and found acceptable; q 
liis theory of intellectual stage (Icvelopment' studied and found accept- 
able; his view of stages of logico-niathematical deductive processes 
studied and found sensible. Tlien a curriculum that reflects these values 
and theories could gain much from Piagetian procedures. In commenting 
on philosophical view and educational policy, Piaget (1973) states: 

If Platoiiism is right and mathematical entities exist- independently ot the 
subject, or if logical positivism is correct in rechicing them to a general syntax 
and semantic, ... it woukl be justifiable to put emphasis on simple transmission 
of the tnith from teacher to pupil and to use ... the axiomatic language (of 
the teacher), without worrying too much about the spontaneous ideas of the 
children. 

We believe . . . diat there exists ... a spontaneous and gradual con- 
struction (if eleinentai-v logico-mathemaHeal '•rtiiictures ancKthat these "natural"- 
stnicturc.s ait- much closer to those being used in "riiodenr niatlieniaties than 
to those being used in traditional mathematics (p. 79). 

Without awareness of the full range of educational implications 
from the work of Piaget. little benefit and much disappointment may 
accrue. Sinclair (1971) lias alluded to diis: 

. . . there seems to be a regrettable tendeney to take Piag(>t's prctblem 
situations and eonvert thein directly into teaching situations. 

Why I think diis is r(»greUable is probably best explained by a metaphor: 
Piaget's tasks are like the core samples of a geok)gist taken from a fertile 
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area and from which he can infer the general structure of a fertile soil; but it 
is absurd to hope that transplanting these samples to a field of nonfertile soil 
will make the whole area fertile (p. D- 

What does rMearc/) on the specific relatidnship between 
elementary Khool mathematics and Piagetian tasks 
seem to suggest? 

Many researchers have examined the various environmental and 
organismic variables that influence Piagetian tasks. There are fewer 
empirical studies that have examined the relationship between these 
tasks and arithmetic tasks that society expects its schools^ to teach 
children. 

One set of studies thi^t give some insight into^he relationship of 
sx'hool mathematics tasks iVnd Piagetian-t\'pe tasks has been "The Wis- 
consin Studies" (Van En gen, 1971). A few results from one study will 
be recited here. One hundred first-grade children were randomly selected 
and given four tasks \vith candies. A correct response to these tasks 
involved the abilit\' to conserve an equivalence relationship through a 
physical transformation without being cperceptually "duped," For exam- 
ple, a child was confronted with two sets of candies, a set of two and 
a set of three candies. The child was asked "If I let you take these 
candies for your friends, would you take the two piles'^ of candy or the 
one pile«^(Here, the experimenter put the candies into one pile) "after I 
put them together, or docs it make any difference? . . , Why?" 

Since the children knew some basic addition facts, they were tested 
on the combinations they were likely to know, namely 2 + 3 and 4 + 5. 
All but one of the children gave the correct response to 2 + 3 on a paper 
and pencil test. All but six knew that 4 + 5 — 9. Figure 6 indicates 
the frequencies of correct responses on the candy-equivalence trans- 
formation tasks. It can be noted that even though the 100 subjects were 
near "masterv'" on the addition combinations 2 + 3 and 4 + 5^in a verbal 
format, only ab(jut 50 percent of them were capable of conserving the 
equivalence relationship through a physical transformation. 

LeBlanc (196C, and Steffe (1966) both found a relationship 

Task . Total Score 

^ 1 2 0 1 2 3 4 

Frequency 54" 45 45 42 26 27 10 9 28 

Figure 6. Correct Responses by Task and Total Score, N = 100 ^ 
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between conservation of numerotisness and abilit)^ to perform subtrac- 
tion and addition problems, respectively. The outcomes of the studies 
indicated that children who did well on the conservation test did well 
on the problem solving test. Children who did poorly on the conser- 
vation test did poorly on the problem solving test. 

Howlett (1973) found a relationship between Pia get-type class 
inclusion tasks and ability of first graders to perform missing-addend 
problems. Using only first-frr;Kle students who exhibited perfect scores 
on a canonical control test, fv. t v-xaniple, sentences of the type 4 + 5 = □, 
ha found that students who performed well on the class inclusion tusks 
showed^orrespondingly high performance on missing-addend tasks. Like- 
wise, those who did not do well on class inclusion tasks did not perform 
well on the missing-addend tasks. «a ' 

Others (Almy, 1966; Overholt, 1965) have foimd some relationship 
between Pjagetian stage development and achievement on tests of 
mathematical ability. It is also quite evident that ability^ on the various 
Piagetian tasks is closely related to ability on general IQ tests. On some 
specific arithrn(»tic tasks, Piagetian tasks may relate better than IQ. For 
example, siicccss on siibtraction problems used by LeBlanc (1968) was 
more closely related to Piagetian conservation abilit)* than to IQ. 

The evidence would siiggest to the teacher that data relating 
Piagetian theory to school mathematics are still quite meager and 
tentative. The arguments for an isomorphism of mental processes 
between his genetic devehjrpmental theory and the systematic learning 
"'of conceptual mathematics by children in schools get their primarv' 
strength from a priori claims rather than empirical evidence. 

What are some implications for teaching from the work of Piaget? 

Piaget ( 1973) has mentioned some very general psycho-pedagogical 
principles. 

1. Real foiiipreheiision of a notion or a theorv' implies the rc-inventioii 
of this thoory bv tho subject. Once the child is capable of repeating certain 
notions and using some applications of thosr in k\irning situations he oft(»n 
i^i\ cs tlie impression (^f understanding; lio\ve\ er. this docs not fulfill the condi- 
tion of rc-invention. 

2. " At all levels, includint^ adolescence and in u systematic manner at the 
more element aiy levels, the pupil will he far more capable of "doing" and 
"understanding" in actions than of expressing himself \ erbally.4 

3. The teacher is often tempted to present far too t^arly notions :»iul 
operations in a framework that is already vcr\- formal. . . . the proccchnc that 
wtmld seem indispensable woukl he to take as the starting point the qualitative 
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concrete levels: in other words, the* representations or models used should 
correspond to the natutal logic of the Jevels ^bf the pupils in question, and 
formalization should be kept for a later moment as a ty]^ of systematization of 
the ncxjtions already acquired (pp. 85-86). 

Lovell (1972) has made the following sugjj;(*stion.s for elenientarv 
school teachers that lie believes would aid transformations based on a 
Piagetian-devclopmental model: , 

1. A move from a formal classroom atmosphere, with much talk by the 
teacher directed to the whole class, to the position where the* pupils work in 
small groups\n- individually at tasks that have been provided. 

2. The opportunity for pupils to act on physical materials and to use 
games. ^ 

3. Social interccmrse using verbal language is an important influence in 
^ the development of concrete-operational thought. Through excbangejs, discus- 
sions, agreements, and oppositions, both between children and between adult5 
and children, the chikl encounters viewpoints that must be reconciled with 
those of his own. 

4. Since mathematics is a structured and interk)cked system of relations 
expressed in symbols and governed by firm mk's, the initiative and direction 
of the work must be the teacher's responsibility. This was often overlooked 
in the progressive education movement. 

5. Alongside the abstraction of the mathematical idea from the physical 
situation, there must be the introduction of the relevant symbolizatioii and the 
v^orking of examples, involving drill and practice and problems on paper, 

'Sawada (1972) has reviewed Piaget's epistemological and biological 
orientation, a.s well as his basic constructs used in describing intellectual 
development, and has suggested some pedagogical implications from 
these theories. Others (Sinics 1973; Adler, 1966; Inskeep, 1972) have 
also discussed the work of Piaget in relation to instructional practiec^s in 
the classroom. 

The knowledgeable teacher will notice* that many of the iniplications 
mentioned an* not new. A comparison with implications from learning 
theorists (for example, Hilgard and Bowers, 1966) will reveal nuicb 
similarity to what bas been stated in the past as principles of good 
learning for children. 

What cautions and concerns have been expressed about 
applying Piagetian theory to mathematics education? 

Over a quarter-centur\' ago, Brownell (1942) wrote that "Piag(*t's 
studies seem to provide* the* most illuminating singb* description of the* 
way in 'which children attain power /hi probl(*m solv^ing." At the same 
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time he summarized some of the criticisms of Piaget's work as it relates to 
matheitiatics: 

1. Failure to consider suSiciently the prejudicial character of the problem 
tasks with which Piaget worked. The issue here is two-fold; it involves (a) 
a definition of reasoning and (b) the nature of the problem task. What one 
does in a problem situation is largely a function of the type of problem one 
faces. . / 

2. The second criticism attaches tb Piaget's definition of reasoning . / . 
the highest type of iormal, systematic thinking. The objections to this d^ni- 
tion are, first, that this kind of thinking is rare; second, that it overvalues^i'erbal 
expression as a measure of thinking; and third; that it tends to encouj^age the 
notion that young children cannot solve problems of any kind, 

3. Some are likely to gain the imjiression that children at certain rather 
definite ages achieve equally definite /levels of thinking. The fact is that 
children do not move from level to l/ivel in an all-or-none way, but th^t at 
any one age thev reveal the characteristics, of several levels of thinking as they 

^deal with different kinds of problefhs, 

4. Pia get's acco^-nt makes ^diilt reasoning quite unlike children's problem 
solving, ^dults, however, at tilnes betray in their problem solving the same 
kinds of logical weakness,, tjie same effects of egocentricity, and the same 
-tendency to overt manipulation' and movement that are so prominent in 
children's problem solving/ 

More recent researchers have continued to caution about too zealous 
applications of Piagetiaii theor\^ to education. Baker and Sullivan (1970) 
have pointed out that one extrapolation from Piagctian theory is the 
concept of "number readiness." The assumption is that it would be well 
to assess the child^s stage of intellectual development in Piagetian terms 
before attempting to demonstrate numerical operations which he nMght 
not at this point be capable of grasping. Yet the conclusion that such 
a.ssessments can be made presupposes a well-delineated dichotomy be- 
tween non-conservation and conservation. Such a supposition is called 
into (juestion by the fact that their study, and others, suggest that such 
task variables as interest in the task object (candies or gray checkers) 
and size of aggregate (4 or 9 objects) may be important factors in the 
elicitation of number conservation responses in children. 

Duckworth (1972) has stated some observations froia her work and 
Piaget's thoughts that also bear on some of Brownell's points. She indi- 
cates that Piaget had speculated that some people may reach the level 
of formal operations in some specific area which th(*\' know well without 
reaching the formal level in others. She goes on to point out that in an 
area you know well, vou can think of many possibilities, and .working 
them through often makes* dcnnands of a formal nature. If there is no 
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area in which you are familiar enough with the phenomena to permit 
you to make sense of complex relationships, then you are not likely to 
develop formal operations. Knowing enough about things is one pre- 
requisite for wonderful ideas; intelligence cannot develop without con- 
tent. 

Weaver (1972b) and Glonnon ( 1974) have expressed concern about 
a repetition of history in elementary school mathematics curriculum as a 
result of overzealous adherence to Piaget's work. This could correspond 
to the events that grew out of the work of the Committee of Seven 
(Washbume, 1939) early in this centurv-, and that resulted in an unfor- 
tunate push upward in the grade placement of many topics and an 
unnecessary delay in the introduction of much matheriatical work, 

Beilin (1971) also has summarized some of the limitations in apply- 
ing Piagetian theor^^and practices to mathematics education. 

There are few who would deny the enormous contributions that 
Piaget's work has made to understanding the development of logical 
reasoning in the child. The cautions and concerns cited in this section 
in no way deny or question these contributions. Thev do, however, 
caution and remind the teacher that learning mathematics in school- is an 
extremely complex and idiosvTicratic enterprise. 

There is little question that knowledge of the interaal, autoregula- 
tory stage development of reasoning described by Piaget can enhance the 
effectiveness of mathematics instruction in the school. However, there 
is equally strong evidence of the effect of variables such as ?^p<srience, 
motivation, and cultural backgi'ound on the idiosyncratic natiire of 
learning. Piaget does not deny these forces, but generally subordinates 
them to development. As Beilin points out, "Piaget has contributed enor- 
mously to understanding these relationships, but the storv is not vet 
told."' : 



What is the influence of schooling indifferent cultures on the ' 
ability to conserve and estimate nunwpr? 

Greenfield (1966) studied consel-vaiion of lic^uids in Senegal, the 
westernmost tip of former French West Attica, where the subjects were 
children of the Wolof ethnic group. The subjCK^ts were divided into nine 
groups, according' to degrees of urbanization, schooling, and age level. 

In the separation by schooling, the first group included 49 rural 
unschooled children; the second, 67 ruiol children who attended small 
French-style village schools; and the third, 65 urban school children 
from Dakar, tho cosmopolitan capital x)f Senegal. Each of these groups 
was comprised of three age groups: 6-7 years, S-9 years, and 11-13 vears. 
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Due to the central control of the Ministry of Education, children attending 
school received nearly identical educations. Test differences were attrib- 
uted to differences in urban and rural background. 

The experimental situation consisted of a personal interview in the 
Wolof language with each subject, during which (questions concerning 
conservation were asked. The first part consisted of asking each subject 
to equalize the water le\-els in two identical partly-filled beakers; then 
the experimenter poured the contents of one beaker into a second taller, 
thinner beaker. The child was asked if the* taller beaker oiimuiled' an 
amount of water equal to the first or more than the first. In the second 
part, the experimenter poured the contents of the beaker into six shorter, 
thinner beakers, and the child compared the amount of water in the 
original beaker with the total contents of the six small ones. The achieve- 
ment of conservation was said to be present when a child gave cciuality 
resp()ns(»s to both quantity comparisons. The data are presented graplii- 
cally in Figure 7. (See Greenfield, Chart I. p. 233.) 

There was a wider gap between unschooled and schooled Wolof 
children than between rural and urban children. By the eleventh or 
Uvelfth year virtually all the school children had achieved conservation, 
but only about half of those not in school had done so. 

In addition to compiling these tiata, Greenfield studied the justifica- 
tions the children ga\^e for their answers. These fitted three main classi-. 
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fications: perceptual (features of the display), direct-action (actual 
pouring), and transformational (internal reasoning). This last class was 
subdivided agahi. as indirect-action (imagined pouring) and identity 
(nothing changed). The school children showed early reliance on per- 
ceptual reasons followed by a later decline. In contrast, unschooled 
children showed a gradual rise with age in perceptual reasons. 

Ii;! most cases Wolof children used transformational or direct-action 
reasons as a basis for justifying conservation, just as American children do. 
However, direct-action assumed greater importance for Wolof children. 
Those giving a transformational reason were generally thinking of iden- 
tity. Those children demonstrating lack of conservation followed a pattern 
similar to American children as the majority gave perceptual reasons. 
In an attempt to hasten conservation, the pouring was performed behind 
a screen, a technique found successful on American children. This had 
little effect on Wolof children. The 20 percent minority of Wolof children 
(primarily luischooled) who gave direct-action reasons seemed to indi- 
cate "magical" thinking, attributing special powers to the experimenter 
who did the pouring. In an attempt to overcome this, another experiment 
was performed in which the children actually did the pouring. Conser- 
varion increased markedly except among the City school children who 
originally did not have the *'magical" thinking. 

Lloyd (1971) worked with elite and poor (Oje) children from 
Nigeria on conser\'atiou tasks, lb was found that tasks involving conser- 
vation improved with age, and children from elite homes performed 
at a higher level. Elite Yoruba and American subjects performed in a 
similar fashion, but the Oje subjects displayed a completely different 
pattern of success. In general the Yoniba subjects relied on direct-action 
to support conservation and gave fewer perceptual explanations. ' 

Gay and Cole ( 1967) studied learaing among the Kpelle of Liberia. 
The result of part of one of their simple experiments vvith number 
estimation is presented. American school children, ages seven and nine, 
and Kpelle illiterate children were compared on estimation of number 
of dots in random visual displays. The range of numbers was three to ten 
and each subject viewed the stimulus cards at three different intervals, 
l/lOO, 1/25, and 1/10 second exposure time. The results were plotted in 
terms of the relative amount of error for the groups. Figme 8 presents 
the results at 1/100 and at 1/10 second exposure time. 

Two features seem to be suggested. First, there was less error at 
the slower speed than the faster speed. Second, there was little or no 
difference between Kpelle and American children's groups, although 
Americans had attcwled school for three or four years and the Kpelle 
were completely illiterate.. 
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Figure 8: Mean Percent Errors of Kpelle and American Children 
in Estimation of Numbers of Dots In Random Visual Displays 

Taken collectively these, and other, cross-cultural studies remind 
the teacher that the growth of some concepts can appear to be quite 
similar, but the experiential routes to development are obviously, and at 
times suhky, different. 

What kind of mathematics program for the kindergarten? 

It /is well established both nomothetically and idiographically that 
children of average ability enter the kindergtirten with a substantial 
amour/t of mathematical knowledge and hence are ready to learn still 
more /appropriate mathematics when taught by appropriate methods. 

But, what mathematics is appropriate and what methods are 
appropriate? We consider methods first. It is generally agreed among 
cognitive psychologists, most notably Jean Piaget, that knowledge de- 
velops best when young children a^re actively engaged in purposeful 
behavior. The sensory receptors afe the me£\ns by which the environment 
is processed and stored in the brain. Cognitive elements (concepts and 
understandings ) such as "three blocks and two blocks are five blocks," or 
"four cups of water will fill a quart bottle" are best learned by actively 
manipulating the materials, then by working with pictures which repre- 
sent things, and finally with the written s\Tfnbols. 

These modes of learning (learning modalities) are usually named 
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concrete (enactive, haiuls-on, or manipulative), representational (ikonic, 
pictorial, or semi-concrete), and symbolic or abstract. 

Thf^. teacher of kindergarten children can feel very confident that 
most of them can readily learn much new mathematics easily when 
learning via'the concrete niodality. 

But what mathematical topics are appro^f iate? The list, if broken 
down into elements, would be long indeed. Suffice it to say here that the 
cognitive material appropriate for many kindergarten children has been 
identified by experienced teachers, and includes work in the general 
strands: matching things, classifying things, arranging things in patterns, 
sets, numeration to 50 or more, finding sums of things to five, concepts 
of measurement, and. a few geometric terms (names of common shapes). 

The kindergarten teacher can feel very confident that some system- 
atic teaching of topics such as these, is consistent with sound develop- 
mental learning. 



How soon should we teach "basic concepts" of mathematics 
in the elementary school? i 

Imbedded in this question is the prejudgment that basic concepts 
should be taught. Rationale for this judgment is stated very succinctly by 
Bruner (1960) when he writes: 

The first object of any act of learning, over and beyond the pleasure it 
may give, is that it should ser\'e us in the future. ... [A] way in which earlier 
learning renders later performance more efficient is through what is conveniently 
called nonspecific transfer or, more accurately, the transfer of principles and 
attitudes. In essence, it consists of learning initially not a skill but a general 
idea, which can then be used as a basis for recognizing subsequent problems 
as special cases of the idea originally mastered (p. 17). 

In arithmetic operations such concepts as commutativity, associa- 
tivity, and distributivity are used over and over again. The use of such 
concepts as place-value or face-value arises often in arithmetic work. 
Each new arithmetic process does- not consist of an entirely new set of 
"rules," but makes repeated use of some essential basic concepts. If intrOr 
duced formally at too early an age, however, thisjonnalistic-axiomatic 
study becomes a meaningless and useless endeavor for the child. Some 
of the disiUusionment with "new niath" may have been overconcem for 
the formal teaching of conceptual mathematics, with a subordinate con- 
cern for the conceptual learning ability of the child. As stated' by Whitney. 
(1973): "In brief, our focus has been too much on the subject matter, 
not enough pn the child himself." He illustrates the effect on a child 
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of learning 8 + 4 from a inathoinatically insVcure teacher following the 
textbook manual. The presentation is: \ 

8 + 4r=:8+ (2 + 2) 

(8+2) +2 by the associative law 
10 + 2-12 

' Here (he suggests) is the effect on the children: 

1. The expression B + (2 + 2) is confusing. .Why p^t in the curly 
signs? Writing 8 4- 2 + 2 ;s simpler. Perhaps 2 + 2 4 is rtv^ognized. but 
why choose 2 -f 2? 

2. Now the curly signs arc* moved around. What is a "lajv"?\poes this 
mean that I am told to do something, and therefore do it? I hav'' ?aliv\s topped 
trying to see what this is about, anyway. 

3. I feci uncomfortable, especially since the teacher does too. If is 
expressing what .school is supposed to be like, I do not want to go to selrool. 

4. '»\rhere is 12 at the end. Why not just count four more than eigh^, 
and get twelve? 

' 5. I am told that the 1 in 12 means ten. But I know that vou write ^ 
10 for ten, not 1. I hope this will stop soon (p. 285). 

He proceeds to suggest a way of t^/aching the task in a manner 
that i.s both child-concerned and concept-concerned. 

Bauniann's study (1966) dealt with the performance that could be 
expected from second and fourth grade chilc^ren on the attainment and 
use of the concepts "eomnuitativity," **closure " and "identity." Evidence 
from the vStudy suggested that the attainment of these concepts was quite 
difficult for students. Lovell (1971b) cites Brown's (1969) conclusions 
that imderstanding of some of these concepts is reached at about the 
following ages: closure, at seven, identitv at seven to eight, comniuta- 
tivity at eight to nine* a.ssoeiativitv at eight to nine, and xlistributivity at 
ten to e](»V(»n years. It is pointed out. however, that children's perfor- 
mance can be advanced or retard(*d up to four years compared with tlie 
UOiTii, depending on the child; pupils can be at a pre-operational stage 
in .some ta.sks and operational in others; also, the child achieves the 
operational stage, with regard to all the -properties tested at the earliest 
at about nine years of age. Moreover/ an understanding of the non- 
examples of the properties may be delayed for one to two years compared 
with understanding examples— at least for most pupils. 

Crawford ( 1964) investigated the age-grade trends in und(»rstanding 
the field axioms. A test of the field axioms was constructed and adminis- 
terefl to students in grades 4. 6, 8, 9, 10, and 12. The results indicated 
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that mean scores increasod .significantly from one even-numbered grade 
to the next in a manner which was generally linear. No significant differ- 
ences were found between the scores of boys and girls. Intelligence had 
an increasing effect on the scores as the grade level increased. The order 
of difficulty of the axioms from easiest to most difficult wa^: commuta- 
tivit\% inverse, closure, identity, associativity, and distributivity. 

' Though some studies (Gray, 1965; Schell, 1968) suggest that the; 
concept of distributivity can be learned with some meaningfulness at 
intermediate grade levels. Weavers (1973a) study of fourth, fifth, sixth, 
and seventh graders' comprehension of and sensitivity to use of "the 
distributive idea" indicates itjs not independent of factors suth as context, 
fonn, and example format. He suggests that too often the study of dis- 
tributivit)^ is characterized by relatively meaningless and inconsistent 
"symbol pushing." 

The various pieces of research evidence cited would seem to suggest 
that many of the "ba.sic concepts" essential in learning mathematics 
develop quite slowly in children. The study of such concepts should 
probably not be formaliz(*d and symbolized at early grade levels-perhaps 
not in the elementary grades. This does not mean purging conceptual 
content from the program. Informal, but systematic, instruction which 
focuses on various essential basic concepts may be entirely appropriate 
at the elementary level. However, as Phillips (1965) pointed out, we 
must be careful not to hinder rather than help the child by starting with 
the ^'sophisticated end-products" of learning. 

What is the appropriate scope and sequence for the 
geometry program in the elementary school? 

There has been a dramatic increase in interest regarding g(K)metry 
in the elementary school program. Many books and articles have been 
published that focus on teaching geometric concepts at the elementary 
school level. In general there seems to be more agi'eement on how 
geometry is to be taught in the program than what and when various 
topics ought to be taught. 

Troutman (1973) has suggested three comprehensive characteristics 
of an elementary geometry program. First, the content should be useful 
to the child as he develops, organizes, and extends accurate interpreta- 
tions of the world about him. Second, the content .should be developed 
in terms of ideas reflecting mathematical methods; these include the study 
of systematic patterns, relationships among mathen>iitical entities, mathe- 
matical models and their relationships to reality, and logical systems that 
bind together a set of mathematical statements. Third, this view must 
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consider only conti»nt thabcan be legitimately represented in the child's 
physical and psychologicar^ environment. 

Piaget (1956) has suggested that children's psychological develop- 
ment is inverted in relation to the development of geometries over time. 
For example, he suggests that children develop an awareness of the 
topological characteristics of space prior to the development of Euclidian 
characteristics of space. As stated by l^aurendeau and Pinard (1970): 

Thus Piaget asserts more than once that the development of child space 
appears to reproduce the stages necessary for mathematical construction itself, 
wherein topological relations are the most basic-though the last to be ~ 
discovered by mathematicipns-and precede the projective and Euclidian 
structures. which derive from them (p. 16). 

The National Council of Teachers of Mathematics has devoted a 
significant amount of space in its journals to teaching geometry in the 
elementarv- school. Van Engen (1973) summarized one collection of 
articles on the topic in the following manner: 

1. T^ie method of instruction is of paramount importance. . . . one 
senses that activities, discovery, guessing (hypothesis), and problem solving 
.should be uppermost in the' mind of the teacher as a lesson is being planned. 

2- The emphasis on precision of statement and symbolism is almost 
entirely ignored. The emphasis is on the child's ability to operationally perform 
tasks, solve problems, and make intelligent guesses to show that he is making 
progress in organizing some geometric ideas. 

3. None of the authors suggests that the geometry of the schools (grades 
one through eight) should conform to any given geometiy— transformational, 
Euclidian, and so on. . . . The authors are not obsessed with the thought that 
the geometry program should be placed in a strait jacket by adhering to one 
postulational system (p. 423). 

These observations seem to be appropriate for an earlier compila- 
tion of articles regarding geometr\' in the elementary school (Brydegaard 
and Inskeep, 1970). 

Although there is no specific agreement on a prescriptive scope and 
sequence for geometr\' in the elementaiy school certain characteristics 
of the program do seem to emerge. There seems to be agreement that 
the program should be kept informal and allow Bor much exploration 
on the part of the student. The content presented informally should 
possess mathematical integrity; it should be useful to the children in 
their interactions with the world about them; and it should be teachable, 
that is within the cognitive and motivational sphere of elementar\' school 
children. This seems to be in line with Meserves (1973) feelings about ^ 
geometry- for prospecti\V elementarv- teachers w-hen he writes: 

I feel ver\- strongly that prospective elementary school teachers have a 
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serious need for experiences involving explorations in geometry in the peda- , 
gogieal spirit that they should use in their own teaching* This pedagogical 
need is much gieater than their need for a review of the theorems of secondary 
school geometry (p. 248). 

What are some of the possible implications for education as the 
United States moves toward adoption of ihe metric system of 
measurement^SysteniB^lnt^r national ( $J.)? 

Hallerberg (1973) has documented the development and increased 
use of the metric system in the world over a centuiy and a half. Recent 
study and legislative action suggest that the metric system will become 
the predominant system of measurement iii the United States w^ithin 
the next deca^de. A comprtjliensive listing of advantages of the metric 
svstem and the customary system can be found in the Report of the 
U.S' Metric Study (DeSir^ione, 1971). 

Many new programs in mathematics at the. elementary school level 
are reflecting thejncreased use of the metric system. Instructional^ 
materials for teaching metric measurement are proliferating. What 
insights and suggestions have been advanced ^or the elementary school 
teacher as the metric move accelerates? 

Smith (1974) has stated that since sub-units and multiples of the 
basic units are related by powers of ten, the learner must understand the 
decimal numeration system, including decimal fractions, if he is to 
change from one related unit to another. The teacher must not only 
provide readiness experiences for learning the metric system, but also 
consider whether children of differing abilities can understand decimal 
fractions well enough to chang^e from one unit to another. Also, the 
teacher must help youngsters understand the new vocabulary. 

Another more indirect curricular implication of going metric involves 
its impact on teaching fractions at the elementary level. Smith points out 
that most of our needs for fractions arise from using the English system 
of measurement. After the ^netric system is in widespread use, what 
need will wv have for fractions in daily life? Can all conmion fractions 
be eliminated? He believes that this is not likely, for we shall still some- 
times need them for describing ratios and parts of a whole. There is 
also the mathematical need of sstudents w^ho take algebra to consider, 
and the readiness that work with fractions in pre-algebra courses pro- 
vides, 

Ililgren ( 1973) has made some suggestions for educators as they go 
metric. Some of these follow: 

1, Teach the metric .system by itself so that teachers and pupils leam 
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to think in this language of measure. Do not try to leani or teach the metric 
system through conversion problems, and do not try to learn conversion factors. 

2. Prepare tTie teachers, both in-service and preservice, for the change 
to the nGw system of measure is not just a mathematics or science project. 

3, Select one member of the faculty to be the metric authority for the 
school. That person can get information and materials necessary for effective 
teaching of the metric system to students (p. 266). 

The metric system of measurement has been gaining increased use 
and popularity for well over a^century and a half until, at the present 
time, the United States is the cinly major country not officially using, or 
committed to using, the system. In 1948, the Tv^entieth Yearbook of the 
National Council of Teachers of Mathematics (Committee, 1948) was 
devoted to documenting the desirability of officially adopting the metric 
system in this country. Recent developments seem to indicate that we 
are well under way on the move to iidoption. Smith (1974) states: 

There is no longer any doubt whether the United States will move to 
the metric system— the only cjuestion is when. It is time for us to look, not 
merely at teaching the metric system, but at the effects this move will have on 
teaching all mathematics (p. 1,). 

What does research suggest about geometry in the 
elementary school? 

Williford (1972) has examined much of the recent research owj 
geom'etry in the elementary school. Some selected summary statements 
from his work follow, with illustrative research citations. 

1. - A majority of very young children (ages 3, 4, 5) possess a variety 
of geometric skills involving the identification and matching of planar and 
solid figures, the comparison of linear measurements, and the reproduction of 
parallel and perpendicular segments (Rea and Revs, 1971; Brumbaugh, 1971). 

2. Significantly more geometry is taught in conterftpor-ary programs than 
in the programs in the early half of the centuiv at the intermediate and upper 
elementary levels (Neatrour, 1968). The opportunity to leant seems to 
provide an advantage on selected tests of achievement for students in con- 
temporarv' programs (Weaver, 1966), , 

3. Instructional variables such as number of concrete examples of 
geometric concepts, opportimity for manipulative activity, use of guided dis- 
coveiy procedures, all seem to affect learning of geometric concepts. In general, 
emphasis on these variables seems to have greater impact at early gr^ide levels 
than at later grade leveL (Fiayor, 1969; Johnson and Moser, 1971; Scott, 
Frayer, and Klaus me ier, 1971). 

4. There seems to be a significant relationship between success in 
geometry and general reading and matht'matics achievement. • 
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3. Various "feasibility studies" have suggested that a vaiiety of geo- 
metric topics can be taught to elementary' school childi;en (Walter, 1969; 
Shah, 1969; Williford, 1970). * . ^ 

The elementary school teacher can be quite confident that young 
childre7i possess sonic knowledge of various geometric concepts on 
entering kindergarten. Contemporary programs offer more opportunities 
than the traditional progi'ams to shape, shai-pen, and extend these geo- 
metric concepts. Elementary school students will vary gi'catly, however, 
in their knowledge of various geometry topics on leaving sixth grade 
(Schnur and Callahan, 1973). Although many studies have shed some 
liglit on the psychological question, ''Can children learn certain geo- 
metric topics?" the classroom teacher is still faced with the value ques- 
tions, "Should this topic be taught?" and "When?" 

The problem is ojie of finding time to provide for geometric activi- 
ties in im already crowded curriculum (Van Engen, 1973). 

Can children learn the elements of n^athematical logic? 

Suppes and Binford '( 1965) investigated the teaching of mathe- ^ 
matical logic to groups of academically talented fifth and sixth grade 
children. The\- also extended the study to include the abilitv of these 
children to transfer their learning to the reasoning involved in learning 
the standard school subjects,' such as arithnijetic, reading, and English.- 

For comparative purposes, two control groups of university sopho- 
' more and junior students studied the same logic textbook. The university- 
students completed in four weeks the material that the children completed 
in one school year. ' • 

On the basis of performance on tests administered to the experi- 
mental and control groups, the authors concluded: 

1. The upper quartile of clementaiy school students can aehie\'e a sig- 
nificant eoncVptual and technical mastery of elementary mathematical l()gie. 
The level of mastciy attained by thq children was 85 to 90 percent of that 
attained by the university students. 

2. The level of achievement can be acquired in an amount of study 
time comparable to that needed by college students if the study time for the 
chiklren is distributed over a k)nger period of time and if they rocef\ e con- 
siderablv greater amounts of direct teacher supervision. 

3. There was anee(k)ta] e\'idencc from .teachers which sngi^ested^ that 
there was some transfer of the leiiniing in the form of increased critical thinking 
in such subjects as arithmetic, reading, and English (p. 194). 

Smith (1966) reported a critical analysis of the stully, and Suppes 
( 1967a) presented a reply to Smidi's analysis. 
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Shapiro and Oliricii (1970) replicated parts of, and extended, an 
earlier study by Hill (1960) which had used sentential logic, classical 
syllogism, and logic of (quantification. It had been found that children 
at early grade levels could discriminate between a necessary conclusion 
and its negation. Shapiro and O'Brien s study ^^'uerally confirmed Hill's 
findings when similar tasks were used. Howe\l'r, when they included 
items which were somewhat "opened up," and another response category 
of "not enough clues" wixs included, a quite different growth curve was 
indicated. Their study suggested that meaningful hypothetical deductive 
thinking cannot be taken for granted ^ students of dementi/^' school 
age. The structural^ fonn of the logic questions asked the students 
seemed to affect responses. This was also pointed out by Lovell ( Idllst) 
in his work on the development of mathematical proof. 

Snow and Rabinovitch (1969) studied the development of conjunc- 
tive and disjunctive thinking in children at the elementary school level. 
They found that -disjunctive tasks (red or square) were more difficult 
for children than conjunctive tasks (red and square). King ( 1966) found 
that disjunctive rules were harder to learn than conjunctive rules for 
children as well as adults. There? would seem to be some aspect of 
disjunctive groupings that makes them more complex than conjunctive 
groupings. 

From the selected research findings, and also the work of Piaget 
cited in other sections of this monograph, it would appear that the growth 
of formal logical reasoning ability develops quite slowly in children. 
Stone (1972) has remarked: 

As fur as the school curriculum is concerned, it is eyident that only quite 
eknnentar\' topics of logic can be Uiken^up, but some of these can be taught 
even in the elementarv' school . . . while others are thought by many experienced 
teachers to be unsuitable before grades 10 and 11 at the earliest (p. 223). 

He goes on to point out: 

The most difficult pr.';l)iems in teaching logic as part of the school 
curriculum are the pedagogical and psychological ones. This is an area in 
which we need not only intensified discussion, but ai.so much additional experi- 
menfati>}n and theoretical aiuilvsis. It is* in the early stages of the ecUieational 
prv)eess that we are most seriously hampered by our comparative ignorance 
of the relevant basic psychological factors (p. 224). 

Do summer educational programs tor tfie disadvantaged succeed? 

Little^ "hard** evidence is available regarding this question. Shortly 
after the beginning of federal support of such progi'ams, a report (Cole- 
man and others. 1966) summarized some (jualitative observations of a 
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group of 27 consultants who visited a sample of 86 school districts in 
48 states, including almost all the nation s major cities. 

The personal observations of the consultants are summarized as 
follows: 

1. The single most widespreiid achievement of the Title I program is 
that it is causing teachers and administrators to focus new thinking on ways 
to overcome educational deprivation. . . . For the mv;st part, however, projects 
are piecemeal, fragmented efforts at remediation or vaguely directed "enrich- 
ment." It is extremely rartvto find strategically planned, comprehensive pro- 
grams for change. ... " ' 

2. In distingui.shing those classrooms that favorably impressed consul- 
tants from those that appeared poor, the explanatory factor most frequently 
observed was the difference in the quality of relationship— the rapport— between 
teacher and child. 

3. ... there was frequent lack of invglvement of teachers in'^the formula- 
tion of programs they are expected to carry out. 

4. One of the most disappointifig findings was the failm-e of most schools 
to identify and attract the most seriously disadvantaged children. 

5. Frequently, heavy purchases of educational equipment are made 
without examining the educational practices that underlie their use. 

Austin, Rogers, and Walbesser ( 1972) have more recently attempted 
to review the evidence that has accumulated from the Summer Com- 
pensatory Education Program domponent of Title I of the Elementary 
and Secondar)' Education Act of 1965. 

The reviewers reached the following conclusions: 

1. ^ Summer Compensatory Education programs in elementary mathe- 
matics, reading, and languatre communication have generally shown modest 
^ichievement gains. However, since no randomly formed control groups were 
used, "maturation" remains the threat to the validity of the studies. Further, 
no data were found to demonstrate whether the.se gains persist over time. 

2. Students reported an increased desire to attend school and learn 
the cognitive skills. However, no data were reported to indicate if those 
behavior changes were observable during the school year. 

3. While the average amount of federal money spent per child during 
the summer is approximately equal to the amount of federal money spent per 
child during the regular scliool ycicr, there are, at present, no data to compare 
the pH) grams in terms of student gciins. 

4. Few objective measures 'have been^used to measure the possible 
range of student accomplishment. Even when objective measures were used, 
the unavailability of a control group jeopardiV.es the interpretation of the 
results. 

5. Relatively few of the programs had behaviorally stated objectives at 
the outset of the programs to-provide direction for evaluation activities. 
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6. Many of the projects chiimed to have beon funded too late to allow 
the implementation of their proposed evaluation procedures (p. 179). 

What was learned about achievement in mathematics 
from the International Study? 

Since tliQ third (lb/6S) edition of this monograph, much has been 
written 'about the results of the International Study of Achievement in 
Mathematics (Huseu, 1967). Although the study was never intended 
to be a contest and was not undertaken as a liead-to-head competition on 
achievemcuit test performance between the pa'rticipating countries, that 
was often the form reported in the news media of this country.' With the 
mas^s of data analyzed, and available for analysis, more questions tenet 
to be generated than answered. How the United States fared, and will 
fare as analysis continues, ,is often a matter of subjective interpretation. 
As Peatherstone (1974) has suggested, "It is not the research itself, but 
the Zeitgeist that is mainly responsible for how particular findings get 
interpn^ted, cnnphasized, and acted upon" (p. 450). 

The overall aim of the project was to compare. With the aid of 
psyehometrie technicjues, outcomes in different educational systems. 
T. N. Postlethwaite (1971), executive director of lEA, lias presented 
a genend summary statement of the mathematics study in a special issue 
of the Journal for Research in Mathematics Education. Various critiques, 
analyses, and statements about implications are also included in the issue. 
Some "Main Results" cited by Postlethwaite follow- 

1. Changing the age of entiy to school is likely to make no substantial 
change in matheinatics score. Those countries that had an entiy age of 5 pro- 
duced poorer scores in mathematics at age 13 than did countries with an 
entrance age of 6. Delaying the age of cntiy to 7 was associated with even 
lower scores at 13, l)ut the whole pattern suggested that the important variable 
was not the age of entry. 

2. Class size data were conflicting. At the higher levels, smaller classes 
were associated with superior attainments. At the lower levels, the trend was 
reversed. There were so many complicating factors in this studv that it was 
almost impossible to separate out the effect of class size from the others, 
especially since most of them were n^l^ under control. It is, at anv rate, 
apparent that merely reducing the size of classes is not likely to increase mathe- 
matical attainment significantly. 

3. ' The main difference among countries taking part in the lEA study 
was in the use made of specialized schools as contrasted with comprehensive 
schools. Thirteen -year-old students following academic courses in specialized 
schools attained a higher level than did students following similar courses in 
comprehensive schools. On the other haiul, 13-year-old students following 
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genenil courses did better in coiiipreheiisive schools' than did students following 
similar courses in schools not containing academic pupils. 

4. Retentivity of the school system generally affected achievement 
scores. Countries retaining higher proportions of an age group showed lower 
scores where the pre-uni\ ersity populatiini of students was concerned. This 
appeared to be due not to a lowering of^^the standards of the best students, 
but rather to a dipping into lower levelj; of "^ability to provide the additional stu- 
dents. **More means worse" only in the sense that' the average score of the 
expanded group is likely to be lower than that of the original smaller group. 
From ihe evidence of this inquiry it does not seem likely that the mathematical 
attainments of the most able students will he affected; (m the contraiy, the 
total yield of advanced students is likely to be increased, 

5. The coefficients of correlation between achievement and attitudes 
were small in general. Achievement in mathematics was positively, but weakly, 
correlated with* student belief about the importance of mathematics to society. 
Achievement scores tended to correlate negatively with attitude toward mathe- 
matics as a process and toward the difficulty of learning mathematics. The 
negative coefficient.s- between achievement and the belief that mathematics 
is an **()pen" svsteni occurred in both the younger and older populations, 

6. In general, the data suggested that the more training a teacher has 
received, the better will he the achievement of his students, but this does not 
hold in all cases. 

7. Student's opporttmity to leani and achievement were quite highly 
correlated. One would expect these correlations to be high because the 
simplest and most plausible explanation of the wide range between countrif^ 
is variation in the extent to which national curricula provided the student with 
opportunities to learn the types of materials covered in the test. The question 
remains as to why certain countries do not introduce particular topics int(j the 
curriculurri until, for exiimple, the age of 15, when in other countries 13-year-old 
students are demonstrating adequate performance on these topics. 

8. Socioeconomic variability was studied by grouping scho'ols according 
' ti) whether they \ve»-f* composed of the wliole gamut of socioeconomic groups 

or unlv narrow ranges of socioeconomic giwups. In general, it would seem 
that students fnmi every occupational group profit more troui being in schools 
with some variability than from being in schools with little variability in social 
class. , 

9. The possible difference in sociocultural forces on sex and their impact 
on mathematics achievement was explored. In each population boys scored 
higher than girls even when the factors had been* held constant. This was true 
for verbal and computationLd problems as well as total score. The pooled data 
.suggested that where the learning conditions arc* more similar, the differences 
in mathematics achievement between l)oy.s- and girls will be markedly reduced. 
Sex differences in achievement arc a with in- country phenomenon. That is, 

' although the girls of one coinitry were lower in their mathematics achievement 
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than the boys of that same country, there were a number of countries where 
these girls were superior to the males of other countries. 

How do children in the United States compare with children of 
other countries on mathematics achievement tests? 

Data that supply evidence on this question must be examined with . 
a great deal of caution. As pointed out by Featherstone (1974), **Nfass 
cross-cultural survey data probably should be taken with a pinch of 
salt" (p. 449). It is extremely difficult to control the myriad of variables • 
affecting mathematics achievement in order to get valid comparisons 
between and among different countries. 

One of the first attempts to put comparative education on a scien- 
tific basjs was the use of American achievement tests in Fife, Scotland, 
in 1934. In niodesf temis, the Scottish Council for Research in Educa- 
tion (1953) says: "The results were not unfavourable to the primary 
schools iii Scotland." Fife "11-ycar-olds" \vcre found to be 16 months 
ahead of American children at the same age. This substantial lead in 
achievement was also found to be present at years. Much of the 
advantage for the Fife children was attributed to admitting them to 
school a year or 15 months earlier than in America. 

A quarter-centur)' later, Buswell (1958) reported the results of the 
administration of an English-made test to approximately 3,000 children 
in central California. The test was administered to children in the age^ 
range of 10 years, 8 months, to 11 years, 7 months, as of the n;onth 
in which the test was given. Achievement of the two groups was com- 
pared on performance of 70 items judged to be free of cultural bias. The 
mean scores on the total test were 29.1 for English children and 12.1 for 
'-tfie~t!>cihfomia children. The difference between the scores is statistically 
signifitant at well beyond the one percent level. 

^/in a study comparing arithmetic achievement of American and 
Dutch children, Kramer (1957) found Dutch children in grades five 
and six to be sigiiificantly superior to American children on tests of 
arithmetic probleni solving and arithmetic concepts. 

'Pace (1966) administered a modified form of Glennons Test of 
Basic Mathematical Understandings to 2,692 English pupils in their sixth h 
year of elementary education and 1,616 fifth grade pupils and 1,590 . . 
sixth gi*ade pupils in central New York State. When age range* was held 
comparable and both groups had the same number of years of instruction, 
"there was no statisticallv significant difference between the two' groups" 
in their knowledge of basic arithmetic understandings. 

In other studies by Bogut (1959), Thomason and Perrodin (1964), 
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and Tracov (1959), tho gcnonj findings wvyc that English children 
achitW'e higher scores than sub-populations of U.S. children. 

^ ' Tlie lED study discuss(»d in the preceding section pr(:^sented achieve- 
ment data from 12 countries at two "strategic** school levels— near the 
end of compulsorv schooling and at the end of pre-imiversity sduHiling. 
The U.S. 13-year-olds ranked eleventh in matlieniatics achievement 
(Husen, 196 7), Sato (1968) discussed die comparative achievement of 
the Japanese "^^'i-year-olds, who ranked first in achievement among the 
12 countries in the lED study, and the U.S. 13-year-olds. 

Dominy (1963) made an analvsis of the content of representative 
sets of textbooks used in England, France, West Ciermanv, the Soviet 
Republic, and the United States. Comparing books used up to age 11, 
and using 13 commonly taught topics, she found that the U.S. texrt)ooks 
had a lighter content load than those books commonlv used in England 
and France, and a heavier content load tlian those commonly used in 
West (k'rmany and the Soviet Republic. Dominy* concluded that if any 
alleg(»d superiority of children in these four European countries does in 
fact exist, it is not possible to say that it is due mainly to more intensive 
or rigorous textbook programs, '\\lso, as suggested ])y Feathcrstone 
(1974), "Achievement tests are a limited art fonn. Each culture has 
distinct educational aims: all cultures want much more for their children 
than a narrow- range of skills that can be measured by achievement 
tests" (p. 449). 
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Studies Concerning tlie Child 



What mathematical knowledge do children have on 
entering^^ school? 

BnAvnell {1941b) compiled and analyzed the early research on 
this question. It was concerned with six- and sevcu-year-old children at 
time of entrance into first grade. He coixelnded :^hat the following skills 
and concepts sT^Tn to be (juite well developed by the time most children 
started the first grade: rote counting by ones through 20; enumeration 
through-20; idt^ntifieation of' number through 10; with objects, the con- 
cepts "longest," "middle,** "most," "shortest," "smallest," "talU^st," *\vid(\st"; 
exact comparison or matching through 5; number combinations with 
objects to sums of 10; in verbal problems adding 1 and 2, 'and probably 
most facts with sums to 6 or 7; unit fractions through halves and fourths 
as applied to singfe objects; ordinals through "sixth"; geometric figures 
"circle" and ^^scjuare"; tt^lling time to the hour; recognition of all times 
to tfie half hour. Extensions of ^liese skills and ccmcepts as well as others 
were developed to quite a high degree by significant numbers of students 
in the various sayiplcs. The teacher interested in a further breakdown 
of these concepts and skills should go directly to Browneirs work. 

More recent studi(\s have focused on. the skills and concepts pos- 
• st\ssed bv the five-vear-old when entering kindergarten. These studies by 
Sussman (1962), Williams (1965), Bjonerod (I960),, and Dutton (1963) 
present some evidence that kindergarhiers of that time knew as much 
about arithmetic at the beginning of kindergartt^n as fir.st grade children 
did some decades previously. The teacher interested in a thorough break- 
down of these concepts and skills should peruse the 'sources cited. 

The more contemporary work of Rea and Revs (1970, 1971) exam- 
ined the competencies of 727 entering kindergartners in the areas of 
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number, money, measurement, and geometry. Some seleeted general 
findings follow: 

NUMBKU 

Ntimeral Identification— \Unv tlum 75 percent eoiild identify one-digit 
numerals; 10-13 were more difficult; less dian 25 percent could identify 
two-digit numerals 14-21. 

Sequences— \U)Yo than 75 percent were able to ccnitiniie the count when 
the cues" 1, 2, 3 and 5, 6, 7 were provided. Fewer \ we re able to respond 
correctly when only one number cue was given, and diey were asked what 
eanie before or after. CJenerally, they were more competent in responding to 
what comes "after ' than what c(nnes "before." 

Cardinal .Vwmfof r--Skill.s in cminting and recognition of small groups 
were well developed by over 75 percent of all kindergarten entrants. ' 

Ordinal Number— Ovdiwd] skills secnned less developed. Less than 
50 percent responded correctly to tasks requiring eoncepts of second, third, 
and f{)urth. 

Comparisons— Thv^ majority of entrants were able to make small group 
comparisons. 

Money 

Identify-Over 75 percent could identify a penny, nickel, and dime. 
jQuarter and half-dollar were more difficult. Over 50 percent identified 
$1.00, $5.00, and $10.00 bills. 

Making C/iangc— This was more difficult, and less than 25 percent were 
able to respond accuratelv, ^" 

Measurement ' , 

Weight— Over 75 percent were able to discriminate between size and 
weight. 

^ Time— All were able to idc^ntify a clock. About 25 percent could identify 
12:00 and 3:00 o'clock settings on a cl(jck. Few could identify half-hour 
settings. Only about 25 percent knew the name for a calendar, but over 
50 percent biew its use. Less than 25 percent knew neither day of the week 
and nionth of the year they were being tested, nor their birthday. 

Linear— About 50 percent w^ere able to identify a mler and know its use. 
About 20 percent were able to use a ruler to measure the side of a card. 

Temperature— Less than 25 percent could name a diermometer, but 
over 25 percent knew what it was used for. 

Geometry 

Shape Matching— Over 90 percent of the children eould match a shape 
with its ilhistration on paper. 

Vocabulary— OvL^r 50 percent correctly labeled square and circle. 
Triangle, rectangle, and diamond were less freqnentjy labeled correctly. 
Correct identification of "'sides** and "comers * was made by over 75 percent. 
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Spatial Re/a/ ion .y— Determining number of sides or number of cornei-s 
was more difficult than just identifying them. Over 75 percent could repro- 
duce various lines in given relationship. • 

Those teachers intef(\sted in more specifics of the tasks and tests 
used in this study should consult the source (Ilea and Keys, 1970). The 
work of Schwartz (1969) and Heard (1970) may give further insight into 
math concepts possessed bv the five-year-old. 

Brace and Nelson (1965) attempted to detenninc the child s under- 
standing of nimiber concepts as revealed bv his manipulations of objects 
rather than by his verbalizations, since there appeared to be some differ- 
ence between wha; the child savs he knows and how much he knows 
about what he says. 'Using Piagctian-typc tasks, the following selected 
conclusions and implications were suggested: 

1. The preschool phild's ability to coimt is not a n^liable criterion 
of th(» extension to which he has developed the true concept of number. 

2. Since four-fifths of the children had no knowledge of the invari- 
ance of number and tended to believe that the number of objects in a 
group chang(»d when the arrangement was distin-bed, it seems safe to 
conclude that pr(»school children have a ver\' limited knowledge of the 
nature of cardinal number. 

3. Since the concept of ordinal number contributed most to the 
total connnou variance within the sample tested and was the biggest 
contributor to differences, wherever significant differences were foimd, 
and further, since the relationship of this concept to counting was found 
to increase with age while* that of cardinal number to coimting decreased, 
with age, it s(»ems safe to conclucje that the concepts of ordinal ninnber 
and cardinal mimber do not develop concurrently as is generally believed. 

4. A thorough understanding of cardinal ninnber, ordinal number, 
and rational coimting must be established before children are able to 
understand the concept of place value. 

5. The sex of the child docs not appear to be a factor in die early 
development of the concept of number. 

6. Since children from homes of high socioeconomic level were 
significautly superior to those from homes of lower socioeconomic level 
in their num1)cr knowledge, it would appear that environmental factors 
are important in the child's dev(»lopment of the concept of ninnber. 

Kindergarten teachers can be quite* confident that the entering stu- 
dent has accumulated a considerable array of mathematical skills and 
conc(*pts. Since many of these have developed from their spontaneous 
activities during their preschool years, it could be expected that thieve 
would be a great deal of diversity in mathematical abilities. Evidence 

Er|c 64 



STUDIES CONC^ERNING THE CHILD 53 

suggests that this is true; a great deal of variability exists within a group 
of typical kindergarten entrants. The kindergarten teacher n^iist also be 
aware of the distinction between the verbalization of niatheniatical con- 
cepts, and performances which demonstrate the stability of these concepts. 

What are some variables which may affect mathematical 
performance of children eritering kindergarten? 

Rea and Revs ( 1970) analyzed various subgroups of entering kinder- 
gcirtners on a comprehensive mathematics inventor)- (CMI), Tlie vari- 
ables of age, previous education, siblings, parent education, and fathers 

Previous Education 

H kindergartners who had attended Head Start 
DC kindergartners who had attended day care centers 
NS kindergartners who had attended nurseVy school 

N kindergartners who reported no formal educational experience 

Age 

Let X be the kindergartner's age in months as of September 1, 1968 

1 X < 62 

2 62 < X < 65 

3 65 < X < 68 

4 68 < X . • 

Siblings 

1 kindergartner who was only child 

2 kindergartner who was oldest child 

3 kindergartner who was youngest child 

4 kindergartner who was not In one of the above groups 

Father's Education 

Let X be years of formal education reported by kindergartner's father 

1 3 < X < 8 

2 8<X<12 

3 12<X<16 

4 16 < X • 

Mother's Education 

Let X be years of formal education reported by kindergartner's mother 

1 3<X < 8 

2 8 < X < 12 

3 12 < X < 16 
- 4 16 < X 

Father's Occupation (Modified Warner Scale) 

1 Classic professions such as physicians, dentists, professors, executives, 
business owners, etc. 

2 High skilled workers and professions such as teachers, nurses, managers, 
etc 

3 Low or unskilled wor-kers such as clerks, repairmen, s^ecretaries, etc. 
4 ' Unemployed or on relief 

The Arithmetic Teacher, January 1970; p. 68. 



Figure 1. Student Category Codes 
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occupation were coii.sidered. A table of codes for the various breakdowns 
of students within each category is shown in Figure 1. 

A table summarizing the mean scores for various subgroups of 
kindergartneirs assessed by the CMI is presented in Figure 2. ^ 





Money 


Number 


Vocabulary 


Geometry 


Previous education 


Mil = 


= 8.73 


Mil 





16.20 


Mil 




20.82 


Mil 


= 24.08 




Miic - 


= 10.'l4 


MlK- 


= 


24.71 


Mn 




22.91 


Ms 


= 27.40 




Ms -- 


= 10.59 


Mn 


= 


25.24 


Miic 




23.71 


MiiC 


= 29.57 




Mns - 


= 11.96 


Mns 


= 


32.97 


Mns 


= 


24.35 


Mnh 


= 30.25 


Age 


Ml = 


= 9.53 


Ml 


= 


22.80 


Ml 




22.46 


Ml 


= 26.63 


Mo = 


= 10.02 


Mj 




23.95 


Mj 




22.73 


Mj 


= 27.23 




M. = 


= 11.62 


- M^ 




28.74 


M. 




23.77 


M:l 


= 28.53 




A/ - 

Mk - 


— i o nn 

- IZ.VV 


Mi 




30.53 


Ml 




23.57 


hA 

Mi 


— OQ on 

— ^o.ou 


Father's education 


IYl 2 - 


- 1 n no 


M, 




21.25 


M, 




21.61 


mj 






M.i - 


— lu. oo 


Ml 




24.92 


Ml 




22.61 


hA 

mi 






kA - 

mi - 


— 1 n CQ 

- lU.uO 


M, 




25.86 


Mn 




23.24 


hA 


— 07 7Q 




M, -- 


= 12.54 


Mi 




33.59 


Mi 




24.54 


Mi 


= 29.80 


Mother's education 


hA - 

fVf-3 - 


— Q 


M> 




19.49 


M, 




21.14 


hA 


— oc en 

— ^u.OU 




KA ~ 

mi - 


- lU.fb 


Ml 




26.11 


Ml 




22.91 


hA 

Ml 


— 07 t^R 




Mi - 


- lU.ob 


Ma 




26.95 


Ml 




23.48 


hA 


— OQ no 




Mi = 


= 12.74 


Mi 




36.57 


Ml 




24.66 


Ml 


= 30.28 


Father's occupation 


HA 


— o. f y 


Mi 




17.07 


Ml 




20.66 


hA 

Ml 


— OA 1 7 


hA - 

Ml - 


- IU.44 


Ml 




24.89 


Ml 




22.82 


hA 

M^ 


— 07 




kA 

mj - 


— i i OO 

- ll.O/i 


M, 




29.44 


M> 




23.88 


hA 


— OQ OQ 

— ^O.OO 




Mi = 


- 12.10 


Ml 




34.06 


Ml 




24.22 


Ml 


= 29.85 


.._ .- . 


i 




Measurement 


Recall 




Tnfat 


Previous education 


IV til 


— 2.82 


Mil 




11.42 


Mil 




10.20 


Mn = 


= 93.25 




Mm' 


= 3!oo 


Miiv 




13.00 


Ms 




12.79 


Mn = 


= 115.*59 




Ms 


= 3.62 


Ms 




13.95 


Mvc 




13.57 


Mac - 


= 116.71 




Mns 


= 4.37 


Mns 




17.72 


Mns 




14.37 


Mnh = 


= 134.98 


Age 


Ml 


= 3.31 


Ml 




12.66 


Ml 




12.19 


Ml = 


= 108..46 


M, 


= 3.46 


M. 




13.90 


M, 




12.36 


Ma = 


= 112.74 




M, 


= 3.56 


M^ 




15.79 


M:, 




13.54 


M:l = 


= 124.77 




Ml 


= 4.26 


Wl 




15.89 


Mi 




13.94 


Ml = 


= 128.09 


rather s (Education 


Ml 


= 3.35 


M, 




12.34 


Mi 




11.89 


Mj = 


= 106.35 




M. 


= 3.56 


Mr 




13.88 


Ml 




12.62 


/ Ml = 


= 114.04 




M; 


= 3.60 


M:. 




13.94 


M., 




13.011 


^ M.. = 


= 116.74 




M. 


- 4.38 


Ml 




18.12 


Mi 




14.31 ; 


> Ml = 


= 136.49 


Mother's education 


Ml 


= 3.41 


Mj 




11.63 


M, 




11.56 


M> = 


= 100.98 




M, 


= 3.45 


Ml 




14.24 


Mi 




12.64 


Ml = 


= 116.78 




M, 


= 3.69 


M:, 




14.71 


M:i 




13.26 


M^r- 


= 120.14 




Mi 


= 4.78 


Mi 




19.09 






14.98 


Mi -- 


= 142.09 


Father's occupation 


Mi 


= 2.45 


Mi 




11.07 


Ml 




11.03 


Ml = 


= 94.24 


M, 


= 3.60 


Ml 




13.67 


Ml 




12.65 


M:, = 


= 114.40 




Mj 


= 3.64 


M, 




15.84 


Mj 




13.77 


Mj = 


= 125.87 




Ml 


= 4.66 


Ml 




17.74 


Ml 




14.19 


Ml = 


= 135.75 


The Arithmetic 


Teacher, 


January 


1970; 


p. 


71. 













Figure 2. Summary of Means for Entering Kindergartners Assessed by CMI 
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Soiiu* gonerul observations from the data include: 

Agi?; Older kinderi^arteii entrants tend to refleet u higher level of aehieve- 
inent than the younger entrants. 

Previous cducatum: Entrants witli luirserv scliool experience tend to 
refleet a higher level of aehievenient than those with no formal e\perienee» 
or those with ehild eare or Head Start experienee. 

Parent education: Kindergartners whose father or mother had 16 or 
more years of formal edueation tend to refleet a higher level of achievement 
than those with parents having less edueation, 

Fathers occupation: Entrants having fathers with occupations classified 
as professional or highly skilled tend to refleet a liiglier level of achievement 
than those with fathers with unskilled jobs or unenip]nyf«d. 

Some other general observations not shown in the smnniary table 
suggest that sibling relationships did not significantly affect achievement 
on the CMI> and that girls inay tend to perform better than boys on 
soirie» but not all. of the subtest areas. 

What is the sequence of development of early number behaviors? 

■J * 

Piagets theoretical work on the development of logical processes 
in the child has been discussed in Part One of this monograph. The 
present question focuses on more specific counting and enumeration be- 
haviors of the \ ()ung child. 

Wohlwili (1960) studied the developmental process of 72 children 
ranging in age from 4:0 lo 7:0. A training scries and seven tests were 
administered as part of the experiment. The hypothesized order of 
difficulty of the se\ en test tasks, and a brief description, follow^: 

' A. Abstraction. The choice and sample cards varied in number (2-4), 
form (square, circle, triangle), and color (green, red, blue) in such a wav 
that anv given sample card matched each choice card on only one of the 
three dimensions. 

B. Kliniination of prrrrpfual cues. The choice cards were those of the 
training series while the sample cards contained rectangles drawn in outline 
and divided into two, three, or four e(jual adjacent squares. 

C. Memory, The subject matched the training stimulus card to the 
position of the corresponding choice stimulus of the training series when the 
latter was removed from view. 

D. Extension. The choice cards, as well as the sample cards, contained 
six, seven, or eight dots in varying configurati()ns. 

E. Conservation of mimher. The child correctly matched the number 
of buttons with the choice cards of Test D, assisted if necessarv by the 
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' 1 

examiner. The cxaniiiipr then senunblecL the* eonfigunttion, of the sample 

while thi* subject watched. The .subject was u.skecl to yuitcli the rearranged 

sample with the choice cards. , 

F. Addition and mhtraction. Test F (KlFered in that while the child 

watched, a button was added or subtracted from the collection inunediately 

following the eonfigin-ational match, and the subject was asked to inatch the 

new set with the correct choice* card. * 

■■ ■ « >. 
(i. OrdinaUcardinal correspondence. The subject was asked to match 

a sample card containing eight solid bars of increasing length, one of which 

was colored red to signify ^he cue-bar, with the training series choice cards. 

The results showed only two discrepancies from the hypothesized 
order. Test B was passed by slightly more children than Test A, and 
subjects scored higher on Test F than on Tests D and E. A scdpgram 
analysis—a technique for determining whether a secjucuce of tasks is such 
that the mastery of any given item presupposes success on all easier 
items— was carried out. 

Wohlwill felt that the tests did not represent a series of fixed and 
equally distinctive steps on the developmental scale. Rather, he sug- 
gested that the dev(»lopmental process could be more ad.equately de- 
scribed in three fairly discrete phases: (a) Number is responded to 
wholly on a perceptual basis, (b) Perceptual support is reduced as 
mediating structures, that is, the inteniali?"! symbols representing the 
mnnbers, are developed, (c) The relationsnip among the individual 
numbers is conceptualized, leading to such understandings as conserva- 
tion and cardinal ity-ordinality. 

Potter and Leiv (196S) examined the development of one compo- 
nent of counting, itemizing a group exhaustively without repetition. The 
two major concenis of the study were to discover the age (between two 
and five) at which the enumerating skill develops and to determine the 
effects of some infornuitional variables on attainment. In regard to the 
latter, spatial arrangements of items to be processed were varied. Some 
wore presented in a single liorizontal row; some were regi.darly spaced 
in rows and colunms; som** were randomly arranged. Meaningfuhiess 
of items, pictured objects versus geometric shapes, was also varied. 

Results suggested that with five, six, or nine items, one-dimensioiial 
arrangements are easier than two-dimensional arrangements. Within the 
two-dimensional arrangements, the random airay tended to be easier 
than the orderly one, although this tended to vary with age— the older 
children found the orderly two-dimensional arrangc^mcnit relatively easy. 
There was no consistent difference between the meaningfulness of the 
two tvpes of items (pictures versus shapes). It was found that the 
capacitv to hold in mind an array of items that one has enumerated 
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shows a steady and dramatic increase in the age range of 2)2 to 4 ygafs. 
^ Wang, Resnick, and Boozer (1971) examined three classes of early 
mathematical behaviors: (a) counting objects, (b) using numerals, and 
(e) comparison of set These matherWatical behaviors were analyzed 
and ordered into hypothesized hierarchies of^uccessively more complex * 
learning tasks. The validity of the hypotliesized hierarchy of tasks ' 
composing the behavior* was thoyi empirically tested. The hypothesized 
hierarchy of tasks ^was c6nfirmed for only one of tRree behaviors, 
using numerals. The data suggested that command over numerals is 
ciequired in a regular sequence, beginning with perceptual matching of 
the numerals and concluding with the association . of sets and numerals. 
Regarding relationship aojpng classes of behavior, the data suggested 
that numeralg are learned only after countmg 'operations for sets of the 
■ size represented by the numerals are well established. The data were 
unclear with respect to the relationships anibng the concepts "same," 
"more," and "less.*' 

D'Mello and Willemsen (^969) studied the order of acquisition 
of four number tasks. Their data suggested a sequence of rote counting, 
matching sets with identical physical aiTangements,, counting a set of 
specified size, and matching a numeral with a set. 

Uprichard (1970) attempted to determine the most efficient instruc- 
tional sequence through which preschoolers acquire the set relations 
"equivalence," "greater than/' and "less than." Some selected results from 
the data suggest: (a) the most efficient" in^ctional sequence appears 
to be "equivalence," "greater than," "less thaii"^ (b) the "less than" 
relationship is not difficult for preschoolers to learn after they have , 
acquired "equivalence" and "greater than" relationships; and (c) there 
appears to be a hierarchical relationship among the three seVNi:elations. 

The complexity of number behavior makes it very difficult to 
determine a sequence of early number concept development. ' Rote 
counting, the ability to touch each item in ci <;et once and only once, 
and the ability to coordinate these two behaviors are necessary condi- 
tions for rational counting. Proficiency with thes-o behaviors seems to 
increase quite dramatically with age between tvvo and five years. Per- 
ceptual arrangement of the items to be enumerated seems to influence • 
counting ability. It would appear that meaningful use of numerals 
emerges after facility in counting is established. Data on 'the develop- 
ment of "equivalent?' "greater than," and "less than" relations between 
sets are not consistent. It was interc^tmg to note from the Wang et al 
(1971) data that although one-to-one correspondence ability is a logical 
prerequisite to rational counting behavior, the two may be psychologically 
independent with respect t^ sequence of acquisition. 
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What contributes to readiness in learning mathematics? 

Various factors, no doubt, contribute to the readiness of a student 
to learn. ^ The 'complex interaction of these factors makes it unrealistic 
to thinjv in nmtiially exclusive cLisses of studcuits who are "ready" and 
"not ready." Swenson (1951) has suggested that to only the unhiitiated 
could rea^diness appear to be a .simple matter of reaching some mythical 
magical point before which the learner is clearly not ready, and following 
which ke is clearly read v.' 

Another false dichotomy in the area of readiness of a student to 
learn involves those educators who would only allow "nature" to take 
its course in readying children for optimal learning, and those who would 
only , allow for^. environmental "nurturing" to contribute^ to learning 
readiness. Factors of "nature" and "nurture" interact in contributing to a 
student's optimal readiness to learn mathematics. 

One factor that probably contributes* to readi^iess for optimal 
meaningful learning is prior related subject matter that has been learned. 
Gagne (1970) has pointed out the importance of order -of acquiring 
subordinate kno\vledges in a knowledge hierarcbv. Brownell (1951)^^ 
earlier poinfed out the difficulties students experience, when they do not 
possess appropriate skills and facts prerecjuisite to a process. 

Physical and mental maturity may be another^ factw in readiness 
to learn. The extensive contributions of^ Piaget to miderstanding ^the 
various stages in intellectual maturity have been examined in Part One 
of this monogi-aph. Physical maturity and neurological development 
-tvhich contribute to such senses as sight and hearing, so important to ' 
learning mathematics, are also considerations in readiness to learn. The 
importance of physical and neurological- development^to readines.s has 
been pointed out by such researchers as Ilg and Ames (1964). Ogletree 
(1974) has incoiporated various indicators of "stages" Jn physical and 
mental maturing into a theor\* of "bioplasmic forces." He argm\s that 
premature fomal histiaiction will rob the* pln sical body of the growth 
forces needed to develop the brain" to its fullest potential, and may con- 
tribute to later frustration and jmxiety in learning. y 

Affective factors and emotional maturit\' may also contribute to 
optimal readiness for learning. Questions dealing with tjie role of atti- 
tudes, *anxioty. and emotional disturbance are discussed fjeparately within 
this section of the monograph. * - 

The elementary school 'teach(»r can feel quite con^dent that an" 
awareness for readiness will facilitate learning at all grade levels, not 
only the primary grades. This awarc^ieSs should include stjudents' subject- 
matter readin(\ss, that is, their prcTequisite subordinate -kiiowledge; their 
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physical and mental maturity; their emotional inaturitv'; and also their 
willingness, or commitment, to learn mathematics. 

Does cultural deprivation have a lasting effect on 
mattiematics achievement? 

The tendenc)' has been to describe the achievement of culturalh* 
deprived children in terms of their deviance from the norms of children 
from the homes of middk,* class parents. In general, this deviance from 
the norms increases as the culturally deprived children progress through 
the grades. Deutscli (1965) has labeled this the 'cumulative deficit 
phenomenon." In regard to this plienomenoa, he indicated that it w^ould 
appear that when one adds a number of years of school experience to a 
poor environment, plus minorit)- group status, what emerge are children 
who are apparently less capable of handling standard intellectual and 
linguistic tasks. O 

Various studies (Callahan, 1962; Unkel, 1966; Passy, 1964; Mon- 
tague, 1964) have suggested that children from deprived socioeconohiic 
^ backgrounds do. not perform as well on various mathematical tasks as do 
the more advantaged socioeconomic children. There appears to be great 
variability in performance within each group, however. 

Dunkley (1965, 1972) reports results that Indicate that pupils from 
deprived backgrounds are not initially prepared to move at the same 
pace as middle class children in learning mathematics, and many have 
not reached the same level of cognitive development. Even if teachers 
allow extra time for mathematics, the task of overcoming the initial lack 
of experiences that facilitate learning is still extremely diflScult. 

Ausubel (1964) in diseussing this problem lists some of the effects 
o.f a culturally deprived climate. They include: (a) poor perceptual 
discrimination skills; (b) inability to use adults as sources of inforniation, 
correction, and reality testing, and as instruments for satisfying i^uriosity; 
(c)' an impoverished language-symbolic system; (d) a paucity of infor- 
mation, concepts, and related propositions. 

The. retarded language developnieni- o£-^ie lower socioeconomic 
child luu^been pointed out by Deutsch (1965). An important conse- 
quence of this retardation in language di^velopment is the student's slower 
and less complete transition from concrete to abstract modes of thought 
and understanding. Prehm (1966) found that verbal pretraining on a 
conceptual learning task significantK' affected the performance efficiency 
of culturally disadvantaged children. He concluded that both attention 
to the pertinent aspects of a stimulus situation and verbalization have a 
positive effect on conceptual perfonnance. 
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Ausubel (1964) stated that effective and appropriate teaching 
strategies for the culturally deprived child must emphasize these, three 
considerations: 

L The selection of initial learning material geared to the leanier*s 
existing state of readiness 

2. Masteiy and consolidation of all ongoing learning tasks before nevv« 
tasks are introduced so as to provide the necessary foundation for successful 
sequential learning and to prevent unreadiness for future learning tasks ^ 

3, The use of structural learning materials optimally organized JlO 
facilitate efficient sequential learning (p. 27). ;/ 

Do ethnic groups differ in patterns of mental abilities sucli as 
number facility and space conceptualization? 

Stodolsky and Lesser (1967) studied this question as part of a 
larger concern for finding ways to maximize the learning of diiyudvantaged 
children. They studied the patterns of four mental abilities (Verbal 
Ability, Reasoning, Number Facility, and Space Conceptualization) in 
six- and seven-year-old children from difFt^rent social-class and ethnic 
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Figure 3. Pattern of Normalized Mental-Ability Scores for Each Ethnic Group 
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Figure 4. Patterns of Normalized Mental-Ability Scores for Middle- and 
Lower-class Chinese Children 
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Figure 5. Patterns of Normalized Mental-Ability Scores for Middle- and 
Lower-class Jewish Children 



62 ELEMENTARY SCHOOL MATHEMATICS: A GUIDE TO CURRENT RESEARCH 



Normalized 
Scale 
Scores 



60 — 
59— 
58— 
57— 
56— 
55— 
54— 
53— 
52— 
51— 
50- 



49— 
48— 
47— 
46— 
45— 
44— 
43— 
42— 
41— 
40- 



39— 



Negroes: 



Middle Class 
Lower Class 



Figure 6. 



Verbal Reasoning Number Space 

Patterns of Normalized Mental-Ability Scores for Middle- and 
Lower-class Negro Children 
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Figure 7. Patterns of Normalized Mental-Ability Scores for Middle- and 
Lower-class Puerto Rican Children 
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l)iickgr()iiiids—(]liiiu\si', jews. Ncj^rocs, and Puerto Rieuiis. Since the latter 
two iiieutiil abilities are iiiatliematieal tlieir findings are of interest to 
niatlieinatics education researchers. 

. . . the most strikiiii^ irsnlts uf this slndv cone tMii the effects of elhnieitv 
uptm the patterns iimoni^ the ineiitiil abilities. [Fij^nre 3] sliows tliat these 
patterns are difFtreiit h;r each ethnic gnnip. More iiiiportant is the findin^^; 
depicted hi [Fignres 4-7]. Etlmieity does affetl tlie pattern of mental aliilities 
and, once the pattern specific to the etiinic group ewerges, sucial-dass' varia- 
tions within the ethnic group do not alter iliis basic organization (p. 567). 

Since it seems to be clearlv established tluit ethnic groups .differ- 
in patterns of a])ilit\ no matter what the social-class level within the 
ethnic group, providing ecjnal educational opportunity in learning mathe- 
matics means tcMcliing to the strenf^thfi of each ethnic group— **evcn at the 
expense of magnif\ing the differences among the groups" (p. 588). 

Eerliaps, for the children wlio wrc liiglier in number al)ilit\' and 
space couci'ptualization. tlie teaclier slioidd develop, say, the addition 
facts through geometric activities; wliile for the children whose strength 
is in verbal abilit\ . tlie teaclier might inak(^ greater use of verbal learning 
experiences. 

Does the age at which a child enters first grade have an effect on 
subsequent achievement in elementary school mathematics? 

One of the relationships examinc^d in the International Study of 
Acbievenunit in Matlieiiuitics was that between school (Mitrance age and 
mathematics achievement of 13-\ ear-olds. It was reported that school 
entrance age ])ore little relationsliip to mathematics achieveineut at 
age 13. although students entering at six tended to be souiewliat superior 
to thosC' entering at either five or seven (Iluseii, Vcdiime II. 1967). 

/Shah (1971) examined the test gi\'eii to tlie 13-year-old students 
in th(» studv and suggested the more restricted conehisiou that "entering 
school at the age of fiv(\ six. (a* seven does not have any significant iiifhi- 
(»nce (ai the performance of the gi\'eii test at age 13." The point was 
made that tlie nature of the test given at age 13 did not necessarily 
n^flect tlie proeess-orient(*d type of iiiatli instruction given to children 
at ages fi\'e throng] i seven. 

From a duster of more restri( ted stiuhes ( Bacn*, 195S: M. L. ('arroll, 
1%3; Carter, 1956; Dickenson and Larson. 1963; C;ott, 1963; Ilika, 1963) 
the data suggested that: 

1. The elironologicalh older ( liild appears to have the advantage ^ 
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in arithmetic achievomont (a.s-inoasured by standardized tests) ovor 
the yoimger child when given the same school experience. 

2. In general, chronological age may have more effect on the 
'academic achievement of boys than on that of girls, 

Although the i'c\seaich on this qia\stion is not always consistent, 'he 
teacher should be* aware that ^chronological age* can be a factor in suc- 
cessful, or unsuccessful, ac*hievemc ut. This seems to be Especially true 
if the school makes nt) accommodation for this age factor. It may be 
that the chronological age factor is more important for boys than girls. 
From the evidence it would seem that a child of avxn-age or below 
average intellectual aptitude has an increasingly better chance of achiev- 
ing satisfactory progress through the grades the older (within the typical 
range for entrance) he or she is. 

Are there dUterenc&s in achievement in elementary school 
mathematics between boys and girls? 

Fennema (1974) reviewed 36 studies in seelcing some clarification 
on this general question. The previous edition of this monograph, as 
well as other reviews of research (Garai and Scheinfell, 1968; Suydam 
and Weaver, 1970), examined some of the data accumulated on the issue 
and generallv reported higher performance by boys than by girls. This 
difference in the performance data is more apt to appear at the upper 
c»lcMiunitarv lc»vel and beyond than at the lower elementary school level 
There also may tend to be a diffc*rential impact on performance depend- 
ing'on the nature of the mathematical task. The tendency is for girls 
to do slightlv bettai- than the 1)(>\ s on the low level cognitive tasks; the 
bovs tend to do better on the higher cognitive tasks (('arry and Weaver, 
1969; Jarvis, 1964). ' ' ' 

Thc: gradual emerg(»nc(* of th{\se differences, if they in fact exist, 
may suggest tlu* impact of ah acculturation process. There still may 
exist many subtle "presses" from the environment that may affect maHie- 
unities performance of hey a and girls differentl)'. The extent of such 
impact is suggested from the results of the International Study of 
Achic*vement.» Iluseil (1967'' reported that the nuithematics achievement 
of males was higher than that of females at the secondary school level 
in all 12 coimtries whi'ch were studied. He attributed these differencOi in 
mathematics achievement to cultural rather than anv innate factors. 

Fennenui is probably quite acc*urate in concluding that the research 
on this issue m^v raise nU)re questions than it answers. An\* attempt 

at unraveling the reas()n(s) for the possible differential in perforn^twiee 
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ou mathenuitical tasks between boys and girls is going to recjuire a 
careful consideration and control of complex environmental variables as 
well as various personality and organismie variables. 

What is known about learning disabilities in 
elemehtary mathematics? 

'file general area of learning disabilities is a difRcul|j^)ne to circum- 
scribe and describe. In a broad sense a person can be classed as learning 
disabled if a central mental processing disfunction exists which acts as a 
restriction to attaining fidl learning potential. Not a great deal is known 
about the nature and severity of learning disabilities in arithmetic and 
mathematics. Chalfant and Seheffelin (1969) discuss some reasons for 
this limited knowledge. Learning disabilities in mathematics may often 
be associated witli difficulties in other areas of the school curriculum. 
Cohn (1971) indicates that there seem to be quite precise parallels 
between mathematical achievement and other types of symbol operations. 

Following are symptoms and descriptions of disabilities in mathe- 
matics taken from some of the literature (Cohn, 1961; Critchlcy, 1970; 
Frostig and Masknv, 1973; Johnson and Myklebust, 1967; Kaliski, 1967) : 

Disturbed horiztintal positioning of number sequences 
Disarray of the vertical alignment of numbers 
Transposition numbers, 13 for 31 
Auditory memory problems— frustration in oral drills 
Visual-spatial organizatifJU; difficulty in quickly distinguishing difference 
in shapes, sizes, amounts, or lengths 

Difficulty in learning motor patterns for writing numbers 
Inability to (quickly identify the number of objects in a group 
Difficulty in perception of secjucnccs and patterns 

Perseveration; practice or chill on one process makes transfer to another 
pry cess difficult. 

Following are some general observations, suggestions, and hints 
for teaching the learning disabled taken from various sources 
(Cruickshank, Bcnitzen, Ratzeburg, and Tannhauser, 1961; Frostig and 
Maslovv, 1973; Johnson and Myklebust, 1967; Kaliski, 1967): 

Xo matter how okl the hyperactive child, he should be started at the 
begirmint^, h{)th to get a new approach to numbers and to be sure he has a 
workable number eonccpt. 

Mathematics needs to he taught through body movement and rnanipula- 
ti{)n.()f objects so that it can he uiulerstO{)(L as denoting change or ]■ lining 
to process. 
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Counting must be mastered because so many math skills are based on 
counting. 

Failm-e to count properly may result from an inability to establish a 
one-to-one correspondence; to maintain the auditory series of numerals; or 
to associate the symbol with die (quantity. Instruction should atteiapt to 
integrate these facets. 

Concrete materials should be used to facilitate numerical thinking. 

In eontm^ to normal children, these students cannot be given manipula- 
tive materials and be expected to make generalizations about quantity or size; 
these relaticmships must be. .specifically taught. 

The use of fingers for counting and computing should not be discouraged. 

The languagcof arithmetic should be given considerable attention. 

Is there a relationship between en)otional disturbance in • 
students and arithmetic disability? 

Tanikin (1960), using chronological age as the criterion, found 
arithmetic scores of children receiving residefitial treatment for emo- 
tional disorders were not below expected grade level. Graubard (1964) 
studied 21 children receiving residential psychiatric treatment. Using 
mental age as a criterion, none of the subjects was at the expected 
achievement level in arithmetic computation. Stone and Rowlev (1964) 
used mental age as well as chronological age in their study. The level 
of achievement in arithmetic was not conmiensuratc with either the 
mental or chronological age. Feldhusen, Thur.ston, and Benning (1970) 
studied achievement of students who exhibited aggressive classroom 
behavior. Their achievement in mathematics was generally significantly 
lower than for socially approved groups. 

In studies that compared the relative achievement in arithmetic 
and reading, the results tend to be inconsistent. Glavin and Anne.sley 
(1971). using acsample of 130 boys, found significantly higher arithmetic 
scores than reading scores. Tamkin (1960) and Stone and Row'lcy 
(1964) both found arithmetic achievement to be lower than reading 
achievement. 

Schroeder (1965) s'udied gi'oups of children cla.ssified into five 
categories of emotional disturbance in an attempt to find whether there 
are differences in school '.skills among groups. The categories were: 
(a) psychosomatic problems, (b) aggressive behavior, (c) school diffi- 
culties, (d) school phobia, and (e) neurotic-psychotic personalities. 
Results indicated that children who are emotionally disturbed are not 
one group who share the .same learning characteristics, but are quite 
different and need various programs for treatment. 
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Ghivin, <^ui\\\ and Werrv' (1971) studied academic gain»^ of 
conduct-problem children in different classroom settings. Their results, 
from the relatively small number of pupils in the study, tended to con- 
tradict the conmionlv held notion that a highly structured classroom 
where there was emphasis on distribution of rewards for academic 
performance would result in "blowups." The study suggested that 
attention to academics results in achievement without deterioration of 
behavior, and, in fact, in some improvement in behavior. Follow-up study 
of students returned to full-time attendance in regular classes seemed to 
indicate that, although there had been academic and behavior gains in 
the structured resource rooms, the gains did not continue upon entry 
into regular class ((xlavin, 1973). 

Evidence generally suggests a definite relationship betw^ecu students 
with emotional problems and those with arithmetic underachievement. 
The underachievement is often more marked in ^arithmetic than it is in 
reading. Tlie evidence does not shed light, however, on whether arith- 
metic disabilities are a causal factor in emotional disorder, or vice versa. 
Classroom settings that are humanely structured and reward academic 
performance niav b(* beneficial to the academic perfoiTnance of students 
' with emotional problems. However, the teacher should be aware that 
students cannot be collected into one "emotionally disturbed" class and 
be expected to reflect the same disabilities, or growth, under a single 
treatment. 



What does research sug^Bs^t about mathematics achievement 
of the blind? 

Nolan (1959) administered a Braille adaptation of a standardized 
arithmetic test to children attending nine residential schools for the 
blind. Children at the third, fouhh, sixth, and eighth grade levels were 
tested. Results indicated that significant differences in achievementMn 
arithmetic computation existed among the nine schools, and the schools 
retained the same relative positions £or all four grade levels of the lest. 
A wide range of differences in achievement existed between children 
in the sanu^ grade. Area?y of low achievement were identified at each of 
the four grade levels. / 

Blind students in residential schools seemed to show a consistent 
retardation in mathematics on standardized achievement tests as reported 
by Nolan and Ashcroft (1959) and Brothers (1972). Brothers (1973) 
found somewhat less retardation in , mathematics achievement among 
public school students using Braille or large tvpe materials. Tilhnan 
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(1969) found little difForence between blind and sighted students-, on 
the arithmetic subtest of the WISC when subjects were matched by- 
age and IQ. 

As part of a survey carried out by Lewis (1970), teachers of the 
blind were asked to indicate some of the special problems in learning 
mathematics faced by visually handicfipped students. The most cited 
problem involved the formation of concepts to permit complete under- 
standing. Nolan (1969) has voiced some concern about the blind child 
in the more conceptual modem programs in mathematics. Without 
increased research in means of adapting such programs to the blind, 
there is the possibility of a decrease in the relative standing of the blind 
child in mathematics achievement. 

What is known about the performance of deaf students 
in elementary mathematics? 

Not a great deal of evidence is available in regard to this question. 
As reported by Suppes (1974), results on achievement tests tend to 
indicate that deaf students have a g^ade-placement deficit on arithmetic 
achievement scores relative to their chronological age. Hargis (1969) 
indicates that deaf children achieve close to normal levels when arith- 
metic skills are measured, but their arithmetic reasoning ability may 
reflect a deficiency in performance. The suggestion is made that this 
deficiency in arithmetic reasoning may be caused by a low level of 
language development. Suppes (1971) has stated that Computer As- 
sisted Instruction (CAI) seems a promising area in the instruction of 
the deaf, especially when voice-to-voice communication is not possible. 

Suppes (1974) has accumulated evidence on equivalence classes of 
tasks within various mathematical strands, using the CAI mode with 
1,500 hearing and 800 deaf students from across the United States. When 
the mean percentage correct for each of the equivalence, classes of tasks 
of the mathematical strands was plotted for both deaf and normal-hearing 
students, a relatively close match between curves for deaf and normal- 
hearing students was found. He was able tq conclude that objective 
features . of the curriculum, for example, whether a vertical addition 
problejTi fias a "carry" or not, dominate the ease 9r difficulty of exercises 
in much the same way for both deaf and normal-hearing students. 

Another conclusion drawn by Suppes from the data was that the 
performance of the deaf children is almost always slightly better than 
that of the normal-hearing children. The data support the thesis that the 
• cognitive performance of deaf children is as good as that of normal- 
hearing children, when the cognitive task dqcs not directly involve 
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• verbal skills in a central way. The suggestion is nuide that with proper 
organization of teaching (effort, it may be possible to ^obtain results in 
arithmetic as good for 'deaf children 'as we do for average to slightly 
below average normal-hearing ehildnni. 

What are the learning characteristics of the educable 
mentally retarded in mathematics? 

Various researchers have compiled characteristics of mentally re- 
tarded students in mathematics (Cruickshank, 1946; Thresher, 1962; Bums, 
1962; Noffsinger and Dobbs, 1970). Connally (1973) has recently re- 
viewed much of the research in the area and concluded that it strongly 
implies that the mentally retarded perform best on computation and 
functional areas of arithmetic, display definite weakness in those areas 
of arithmetic recjuiring verbal mediation, and exhibit weaknesses in work 
habits tv'pified by careless computational errors, difficulty in following 
directions, and difficulty in organizing work. 

There have been some studies carried out to examine the applica- 
bility of the sequence of development postulated by Piaget to mentally 
handicapped children (McManis, 1969a, 1969b, 1969c, 1970; Listcy, 
1970; Stephens, Manhaney, and McLaughlin, 1972). In general, /it 
appears to hold true that the developmental sequence postulated /by 
Piaget is also applicable to the mentally handicapped. For the ,^ost 
part, the achievement of mentally handicapped children on Piag^t-type 
tasks is a function of the numtal age of the children. One of the findings 
of Stephens et al (1972) suggested that while retarded sul)jects do 
achieve success on measures of concrete thought, they do no^^. perfonn 
successfully on tasks involvifiig formal or abstract thought prov'^^ses. 

Connally (1973) pointed out that whilc^ research has documented 
the general mathematics performance pattern of the mentally retarded, 
it has not determined the extent to which this performance should be 
' /attributed to deficiencies associated with mental retardation. Partial 
f Velp(^"sil^ilit\- for this performance may rest with curriculum offerings 
' aiid instructional practices the mentally retarded receive. For example, 
Cawley (1970) has suggested that one limitation on program develop- 
ment has resulted from the notion that the mentally handicapped are 
* concrete learners. Acceptance of this notion has led to a de-emphasis on 
development of arithmetical principles and understandings and to a 
concentraticii on the development of computational .skills. He called for 
a comprehensive arithmetic program to be developed, tested, and vali- 
dated for use throughout the .school age range of educable mentally 
retarded students before conceding any permanence to the descriptions 
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of the nunitally htuuliciippcd in arithnu»tic that have been ch-awu from 
existing research. 

What mathemaiics should we teach the mentally retarded, 
and how should it be taught? 

Connally (1973) has siiggestetl that a coiiunon response by teachers 
to the mentally retarded in the regular classroom is to give more time 
in working through the regular arithmetic program. lie (juestions this, 
approach since typically the rc^tardate will tend to progress at the rate 
of approximately one half grade per year. If he is reqiiired to work 
progressively through regular mathematics programs, the ccmtent will 
soon he out of phase with his functional needs. There is a need to ensure 
that retarded children selectively master the essential elements of the 
arithmetic progi'am, 

Myen and Ilieronymous (1970) investigat(»d the importance* of 
various cognitive skills in instructional programs for mentally handi- 
cappetl children, as perceivt^d by teachers and curricuhun experts. A 
204-item sur\'ey was develop(>d and administered to 20 special class 
teachers and five curriculum experts for their judgment. The items on 
the sun-ey were tJien athninistered to 1,405 EMH students between the 
ages of 9 and IK and also to 2,187 average pupils in graders 3-8, Among ^ 
the skills rated highest in importance by teach(*rs and curricuhnn devel- 
opers were those related to problem solving with money, measuvement, 
and time. Those rated lowest in importance related to 6*kills involving 
fractions, decimals, and the computation of averages. Of particular 
interc«>t is the finding that on 162 of the total 204 items of the survey," 
a developnumtal lag of five* years was observed between the rc^tarxlod and 
the reprt«>entativ(» sample. The* investigators suggested that this difference 
in performance is great(»r than slunild be expt*cted in terms of intellectual 
limitations per Si\ and view this as a conscHjuence of the lateness at which 
the jndgc^ gi'oups rt»commended the teaching of the 204 items on the 
survey. 

The developmental lag may have explanations other than lateness 
in cnrricnlum prc^scnitation. Cawlcy and Goochnan (196S) suggested 
that the sti-(»ss xm accjuisition of c()mputational facilit\' without emphasis 
on probknu solving, conceptual development, or numerical reasoning mav 
explain the achievement pattern of the KMII children. Cawley and 
Vitello (1972) have suggested a comprelunisivc* model for arithmetic 
progrannning for th(» EMII child which stress(\s verbal information 
processing as well as instructional strategies which promote conceptual 
tlevelopment and num(»rical reasoning. 
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Ariiistroiig iiiul ScMi/ig (1970) distributed a 7()-iteiii (jucstioiuuiirc 
to 3(K) riiiidonily selected teachers of the* iiu*utall>ftt*farded. The ques- 
tioiiiuiire focused on the opinions of the teachers about the* -textbook 
series or cnrricuhun tlie\ were ntilizin^i; in vaj>mis im*as, iucludhig 
aritlnnetie. Results pertaining to aritinneji^'^lut^^ (a) 90 percent 
were currently using tlieir preferrc^d uuitkenuitics seric\s; (b) strong . 
points of the preferred series were skill or content orientation, provision 
for repetition, and provision for remediation or individual differences; 
(c) main weaknesses were* poor pacing, explanations, or tansitioci,' and 
lack of review or practice exercises; (d) major emphasis (jPtc^?:ts selected 
bv the t(Mchers was on application skill in tlie four bivsfc opcn-ations' - 
achieved through drill and practice; (e) the most important prerequisite 
for a reading text was that it be* inter(\sting and motivating, but few 
teachers listed this as a consideration for nuithenuitics texts. 

For the edueable mentally rc'tardcd adolescent, niach of the work 
iu arithmetic likelv should be in connection with the prograi^i of occu- 
pational education. Kirk and Johnson (1951) state that thes4 students, 
in general, tend to achieve betwevn the third and fifth grade in their ^ 
arithmetic abilities. They further state that tlie context should bt^— ^ 
carefullv chosen on the basis of two principles: (a) t\\c -conU^ must 
include the knowledge, skills, and concepts that will be ofTnost value 
to them now and in later life; and (b) the* methods used should be - 
determined by the special disabilities or abilities of nieatolly handicapped . ^ 
children. ' / 

Several researchers have focused oh variables /vvhich ina\- improve 
the verbal problem solving ijbilit) of the educable mentally handicapped. 
Caw^ \ and (;oodinan (196S) stressed the use of manipulatives and 
pictoiiid devices in finding solutions to real problems originating in the 
classroom. Results of the demonstration program indicatc'd significant 
improvenu'Tit on wihai -problem st)lving and on the uiider>tanding of 
principles for the c-xperiinc«ntal KMII group utilizing the program with 
trained teachers. Goodstein, Hessant, Thibodeaij, Vitello, and Vlahakos 
(1972) found that the use of pictorial aids resulted in superior \per- 
.formaiice o\ct the use of no pictures in vc'rhah problem solving alnlity. 
The presenci> of (lualitative distractors. tlia't is, a picture not relevant to 
the snh :ion of the problem, did not seem to affect perfovniance. Some 
rvidenci exists ( Penner, 1972) that the position of the distractpr in the 
oxlraueou.^ inforiiiution .sc^iiteiice of a verbal problem may affect per- 
■ foriuanee. Distractors in the subject noun position appear to be more 
flifReult than distractors iii the {)l)iect 'iu'^mr^pvxvition. 

• Several investigations • liave focused (m the use of programmed 
instruction as a means of ^ instructing EMH children in arithmetic 



8 a 



' -.72 ELEMEN'TARY SCHOOL MATH€MAT1CS; A GUIDE TO CURRENT RESEARCH 

(RiUftcy and Kellpy, 1967;^:. Higgins, 1970; Price, 1963rgmith and 
f J , Qu^k^en^jMsIi, I960). There generally was no clear and consistent advan-' 
/ '-^^ge for'the^ progranuned approach over other approaches. However, 
some suggestions of r)enefits not directly related to finat level of achieve- 
ment vvpre suggested. These benefits' included higher rate of retention 
(C. Iligginjs, 1970), reduction in tijne required to attain skills (Price, 
1963), and .a .3 reduction: of ne},Jativism and hostility (Smith and 
Quackenbush, 1960). Bradley and Hundziak (1963) found that the 
subjects seemed to require additional reinforcement to that given by 
a teaching , machine. The majority; of the subjects looked at tlu^ tf^acher 
for approval after completion of eaclv frame. It appeared as though the 
\tenicher was essential to the learning situation for the purpose of encour- 
2^ging sustained attention to the task. 

/ The teacher faced with instruction of the EMH child in mathe- 
matics should be ready to make judgments on wha^ is considered essential 
to tlie arithmetic progi'am. Civen the essential elements, the program 
should reflect the appropriate dev^opmental and practice activities that 
will lead to meaningful undi^tf^Umding. Whenever appropriate, the^e 
activities should grow out of real problems originating in the classroom 
or^ other significant student e\perU*nces, Aside from these concerns, 
Friedlander (196'S) reminds the teacher of the mentally retarded that 
attention must be paid to: (a) principles of development that govern 
children's modes of thinking, for example, enactive, pictorial, or symbolic; 
(b) prin<Mples of cognitive ac tr Nation, .siich as conservation, equivalence, 
and flexibilit)-; and (c) factors related to visual perception, such as 
perceptual clt^rity of instructional materials. 



What are some characten$tics arid concomitants of the 
mathematically gifted? 

Stanley ^1974) has sketched the significant systematic studies of 
intc^llectual precocity from C^altcin to the present. The Stud\- of Mathe- 
matically and Scientifically Precocious Youth at Johns Hopkins Universitv 
has gathered a largc^ group of mathematically .talented 12- to 14-year-olds 
for. study in attempting to further clarify methods of identification, the 
nature of their abilities and interests, and the kinds of educational 
facilitation that may nurture their outstanding talen. The interested 
teacher should examine the first volume that has been completed on 
this study, Mathematical Talent (Stanley et al, 1974). 

Characteristics of mathematically gifted students have been com- 
piled by various Writers (Illavaty, 1959; Jung(% 1957; Woolcock, 1961). 
Weaver and Brawleys (1959) may be considered as typical: 
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1. Sensitivity to, liwaifiioss of, and t-uriosity regarding (quantity and the 
quantitative aspects of thin<^s within the en\ironnieut 

2. ^Qniekness in peieeivinu;. conipiehcndiniz;, nnderstanding, and dealing 
effectively with t^nantity and (inautitati\e aspeets t)f things within the 
envinnnnent 

3. Ahility to think and work al)stractly and synil)olieally when (k'aling 
with (juantitv and (jnantitati\ e i(k\is 

4. Abilitv to eonnnuuieate (jnantitative ideas cffeetively to others, l)Oth 
orally and hi writuig; and tt) readily receive and assimilate (jnantitativo ideas 
in the same way 

o. Ability to perceive mathematical patterns, strnetnres, relationships, 
and interrelationships 

6. Abilitv to think and perform in (piantitati\'e sitnations in a flexible 
rather than in a stereotyped manner 

7. Abilitv to think and reason analytically and deductively; ability 
to thhik and reason indneti\el\ and to generalize 

8. Ability to transfer learning to new or novel "untanght" (jnantitative 
situations 

9. Abilitv to applv niathemalieal learning to social sitnations, to other 
currieuhim areas, and the like 

10. Ability to reincml)er and retain that which has been learned 
(pp. 6-7). 

Keating (1974) has reported on some of the concomitants of mathe- 
matical precocity from tlie Johns Hopkins study cited in the initial 
paragraph of this .section. In regard to liking or disliking school, he 
reports a general trend that indicates that gifted seventh and eighth 
grade students who were advanced enough to get the high .scores on 
college-level tests reported less liking for school than gifted wli(). do not 
do as well on those tests. However.. some of the best students did report 
strong liking for -school. This was another expression of the lietero- 
geneousness of this intellectually lioniogcneous group of students. 

He also reported that birth order as a factor in nuithcnuitical 
precocitv did not vield significant differences for the group. There nuiy 
liav(> Ix'en sonic tendency for the second-bora in the high group to 
achieve higher, but the (lifferencc^s 'did not reach statistical diflcrence. 
Parents* education level >vas closely associated with le\'cl of achicvenient 
on the test scores tor Uie total group. Within the higher group, the 
pattern was similar, but it was interesting to note that again diversity 
exists. For . example, within the high group. 12 percent of the fathers 
were reported as not having a high school diploma. Vocationally, there 
appeared to be overwhelnung intt^rest in science-oriented c^ireers. 
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In this Ntiulv (Stanley et uL 1974), boys apptMrc«(l to hv superior , 
to the girls. Comparing the individual test scores of bovs and girls, it 
was found duit of the 223 l:oys, 22 percent scored at 600 or more on 
the SAT-MATA; of the 173 i^iils. only 2 p(»retMit aehie\-ed a seort* of 600. 
Not only do boys appear to ac!ne\ f signifieantly highcT scores than girls 
at bodi thc« seventh and eighth grade hovels, but the mean discrc"puncies 
bet\vt"(»a boys and girls increase with each higher grade. Astin (1974) 
comments on these sex differences in maUuMnutical and scientific 
precocity. 

^Haggard (19o7). in his longitudinal study of 45 highly, gifted 
children, mad(» comparisons among high aehievers in reading, spelling, 
language, and arithmetic. His findings shed light on sonu* non-int(dU»etive 
factors churacteristic of gifted aehievers in mathematics. He writers : 

The high ae}ue\t"rs in arithmetic, diose wlio did better on the aritliiiietic 
test than would he expected in terms of their (nerall level of achievement, 
tended to set* their envirouuu'nt as beinL' neitlier threatenini^ nor over- ' 
whelmimr. Rather, tliey \ iewed it witli curiosity and felt capable of mastering 
any problems diey might {"iiconnter. hi viewinir their partMits and other 
authority ficrnres. and in th{'ir relations with diem, they showed less strain 
than the high ircneral ac hievers and the hii^h aehievers in Heading, and 
greater iiidepi-ndence than th(^ lutrh spellmi^ aeliievers. Kurtliermore, the 
arithmetic aehi(>vers liad by far tlie best-developed and tlie healthiest Vcros, 
both in relati{)n to their own emotions and mental processes and in their 
greater maturity in dealing with the outside world of people and things. 

The high arithmetic achievers could express their feelings freelv and 
without anxietv or \nu\[. ^vere emotionallv controlled and flexible; and were 
capable of inteirrating their emotions, tliou'^its. and actions. Similarlv. their 
intellectual processes tended to be spontaneous. fl{'xibl(\ assertive, and creative. 
Of the subgnnips studied, the arithmetic ar hievc rs showed the most hide- 
pen(h'nce of tlunn^ht. were best at maintaim*nLr contact with realitv and at 
avohlhii^ beini^ bound by its constrahits. and could function most effectiX-elv 
in the reahn of abstract svmbols. 

In th(»ir relations with aut}iorit\- fiirures and peers. th(»v wert? more 
assertiv(\ independent, and seIf-confi(h'nt than were die ( bildren in the Other 
subgroups.^ (;enerallv speakhu;. they related well to others, but if thev felt 
diat atf(>njpts were behii^ ma(h' to impose un(hie restrictions upon them, they 
tended to respond with Iiostihty and self-assertion ni oich'r to UMintahi their 
independence and ant«)noniv of thoui^ht and actiori. ... 

The hi'^h achievers in arithmetic showed/fi c-hister of personalilv and 
intellectual (>haracteristi( s which are consiclp^'d exta^melv desirabh* ni our 
society. Th(»se include a healthv e^o. whic-h is relativelv free from conflicts 
and anxieties: al)ilit\ tf) act independcnitlv and to '^et alou'^ well witli others; 
and such intellectual (juahties as creativity, flexibilitv. and the aiiihty to deal 
luuuhlv with abstract symbols an<I n^Iationships (p. 397'. 
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Lovcll and Shields ( 1967 ) reported on scleeted uspeets of a study 
of 50 eight- to 12-\'ear-old pupils, all of whom ohtained a WISC verbal 
of 140 or more. They found, as expected, advanced achievc^nicnt on 
arithuK^tic tests. The mean aehievenient age was 3 yeans 7 months in 
advance of chronological age. However, it was interc^sting to note that 
these children had great difficulty widi problems which rccpiircd a 
schema of proportion for solution. Within die context of Piagctian 
intellectual development, this scliema is not available to the child until 
the stag(^ of formal operations. Few of these gifted students appeared 
to have attained Hiis {)perational lev(4, and they had difficulty rc^sponding 
to tasks involving logical thought. 

Cilennon (1963) gives a warning to teachers in their use of char- 
acteristics and factors as4:ertained from tests for purposes of identifying 
th<* gifted stnch'Hts in matheinntics when he writes: 

Tests . . . tend to be more oriented ttv, the life of the middle and upper 
class (,'hild than to the life of the lower class child; Tl) the degree the tests are 
thus oriented, thev tend to diserimiuiite ii'^aiust the child from die lower 
soeioeeoaomie (lass. Henc e, the teacher needs to use extra care to make sure, 
diat he does not exclude the child wh() is talented but whose measun^d 
intelli<^enee and athieVeiueut scores do not elearly indicate his talent (p. 29). 

Another reminder regarding the various chavactc^ristics and con- 
comitants of the gifted child in mathematics should lie^ undersc(M'cd; 
that is the fact that diese are not uniformly (hsplaycd by evc^ry giftc^d 
child. No tea(4ier should expect that, because a particular child has hvcn 
described as gifted." he will possess, and engage in, all the various 
^Ittrilnites astribed to the gifted ehild. 

What matberhafics shoQW he provided for the maihemBtix^atlY 
gifted child? 

Two general approaches are available to the teacher desirous of 
providing appropriate material for the mathematically gifted student: 
acceleration and enrichment (Glennon, 1963). Academic acceleration 
focusvs on tlu^ characteristic of the gifted student that suggests he can 
do whatever the average student can do-anrl du it faster. Thus, accelera- 
tion allows the gifted student to travel Jirough the mathematics that 
has be(Mi judged desirable for the average elementary school student at 
an hicreased rate. _ 

Enrichment focuses, on other characteristicW4-4liti--giftrc^ 
such as his abilitv to see relationships, patterns, and structures of 
mathematical s\ stems. Also, as Gallagher (1960) points out. enrichment 
would refer to' those activiti s that stinudate prcxhictive and evaluative 
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thinking. Thus, ciirichint'iit allows tht" gittcd stiulrnt to hroiulcn and 
deepen his nuithcnuitical insight by introducing uv\y but related topics 
as well us deepening hisights into what is presently taught to the average 
elenientary school student. These two general approaches need not be 
mutually exclusive, but can be niterrelated to facilitate the ovnall 
development of the gifted student. Administrati\-c accommodations for 
hundhng the.sc approaches are discussed in a separate section of this 
monograph. 

Fox (1974), in commenting on these two general approaches for 
facilitating educational development of the gifted states that advocates 
of the enrichnu'nt procedure rarely give concrete suggestions for how 
this can be accomplished. The classroom teacher is left to devise the 
enrichmeni; activity. In practice, then, when a student completes^ the 
assignment (jiiiekly and accuratelv, more of the same work at the same 
lev(»l is assigned, (iifted students are not challenged bv such "busy 
work." The conec'pt of (»nrichment for these stucU^nts should be expanded 
to include* the idea of increasing the depth of coverage and tlu^ degree 
of challenge of the work. 

Regarding acceleration in relation to the seventh and eighth grade 
stuck'nts in the Johns flopkins Study, the conclusion was that grade 
skipping could meet the needs {)f some of the least advanced of the 
precocigus group, and could be used in conjunction with odier alterna- 
tives for the more highlv advanced students. 

Suppes fSuppes and Duncan, 1965; Suppes, 1966; Suppes and 
Ihrke, 1967, 1970) has reported on the research he is earning out widi 
gifted elementary school pupils. At this writing, four ycMrs of work with 
this group of children have been reported. Starting with 40 first graders 
with I(^s greater than 120. the study has continued owr the years. Bv 
the fourth grad(\ 30 stuck-nts still remained in the studw C;enerally, the 
students have used the Sets and Ninuhcrs' series as a basic program. 
Each can proeetnl through this program at an iridividual rate. In addi- 
tion to these activities, each student has short daily paper and pencil 
drills, or daily work at the remote terminal on appropriate drill and 
practice* programs. 

Each year great diversity and variation an* reflected in the accjuisition 
and error rates of the participants on the tasks where students are free 
to procc«ed at their own TdU\ It is not unusual for the top student to 
have completed five or six times more work than die bottom student. 
Typically, error rates are lower for diose students who complete more 
tasks. 

There is some evick'nee ( Sears, Katz, and So(k'rstrum, 1966) to 
indicate that the aeeek rated group did significantlv better on standardized 
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uchiovcnicnt tests tluui u c-ontrol uroup. This result would suggest that 
the uccelenited group is not falling bc^hind ui the regular mathematics 
eurrieuluin, even though a good dc^al of their niatheniatics eurricuhun 
time is spent on the special enrielnneiit topics. 

Other studies ( Jacobs. Beery, and Lc^nnvohl, 1965; Mullins, 195S) 
have used enrichment procedures or some combination of enrielinient 
and acceleration, hi attempting to provide for the gifted student hi 
niatheniatics. 

The illustrative cominentar\' and citations of research studies 
.suggest that gifted students can handle* more complex and iilo^ic^ic^ 
mathematics and also can leani much fastcT than ^tlie typical ,studc*nt. 
Some e.\tn*mc*l\' precocious upper elementary students score as \vc41 a.s 
bright college frc\sliinc*ii on tests of matheiiirtfe and science achievement. 
This suggests that much independent stud\- has already taken place. 
As Gallagher (19f){)) points out, independence appears to be a particu- 
larlv differentiating fcMtm'e of gifted children. It would seem impca-ative 
that elementarv school teachers develop a repertoire* of studc*nt mathe- 
matics experiences that will accommodate the speed, brc*adtli, and depth 
of a])ility that are the mark of the mathematically talented. For the very 
gifted, this may mean providing the time to take on accelerated pro- 
grams, including courses at the high school or college level. 

Do elementary school students have definite and stable 
attitudes about school mathematics? 

Some studies have been carried out which ask children to indicate 
their likes or dislikes for school subjects. Tli(^ reactions of the children 
are usuallv construed as indications of jffbsitive or negative attitude's 
toward a partic?ular subject in relation to 'other subjects taught hi the 
elementarv schools. TIk^sc studies have generally hidicated that the 
students will cluster (m either end of the "like"-"dislike*' dimension hi 
regard to elementarv school mathematics, with relati\'c"ly few having 
neutral feelings about the subject. 

Sister Josephina (1959 ) asked 9(K) fifth, sixth, seventh, and eighth 
graders to select their three best-liked aiul three least-liked school 
subj(»cts. \\*li(Mi the subjects were ranked as to iiuiiiber of indications by 
students as "best-liked," arithmetic was ranked in the top three at c*acli 
grade level. When the school subjects were ranked as to number of 
iiidicatifnis bv students as "hnvst-likc^d," arithmetic also ranked in the* top 
three. In a shnihir study of f(mrth. fifth, and sixth graders hi C'alifoniia, 
Rowland and Iiiskeep (19f)3) found arithmetic to be ranked first in uidi- 
catioiis by students as to the su])ject liked most; arithmetic ranked fifth 
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(out of 10 subjects) in ijidicitious by .students us to the subjeet disliked 
most. Aritlimetic was hist in u ranking of sehool si^bjects that had not 
been incHeated by students in their indieatlons of "hkes" and '*disHkes." 

Faust (1962), in studying move th:i!i 2.5(X) upper ek'inentarv sehool 
students from Iowa, found that pupils prefer* the "skill subjeets'*' in the_ 
following order: arithmetic, reading, spelling, and langaage. In a more^ 
limited study, Fedon (195S) found definite positive attitucWiT'loward 
elementary school mathematics were being expressed by some students, 
and definite negative attitudes were being expressed by other students, as 
early as the third grade. W. J. C:allahan (1971) found that when 366 
eighth grade students were asked to estimat(?^i:k^ir general feeling toward 
inathematics. about 20 percent tended to dislike mathematics and 62 per- 
cent tended to like it. About 18 percent wwc neutral in their feeling/ 

The work of Anttonen (1969) gives some insight into the stal)ility 
of stnd(Mit attitudes toward mathematics over a period of time. The 
period extended from the fifth and sixth gi'adc to the eleventh and 
twelfth grade. More than 600 students were included in the study. 
The obtained cc)rrelati()n between early and late nuithcmatics attitude 
scores was 0.305. Thus, there appearcul to be an overall low positive 
relationship between early and late mathematics attitude scores. 

Trends in student attitudes about mathematics do not reflect a 
particularly optimistic picture. Kxaminatiou of data from various sources 
(Anttcmen, 1969; Ryan. 196S; Xeale and Pr()shek. 1967; Neale. Ciill, and 
Tismer, 1970) led Neak^ (1969) to concludc/that, although (juestions may 
be raised about the generality of these findings and alxmt the interpreta- 
tion of the declining scores, it is at least fair to h\pothesizc that current 
school programs result in a substantial decline in thr favorableness of 
attitudes toward learning nVathomaties as children progress through 
sehoul. 

Dutton ( 1956) found that grades five and six were the most crucial 
hi the ch'velopment of attitudes. \\\ J. Callahan (1971) found that 
students f(«lt their attitudes for mathematics developed at each grade 
level; however, grades six and seven were given as the most important for 
developing attitudes. 

The various studies cited would sugg(vst that elementary sehool 
students have cjuite definite* feelings, both positive and negative, about 
mathematics. These attitudes at early grade levels mav not be par- 
ticularly stable since they do not appear to correlate highly with later 
attitude scores. The upper elementary and middle school grade levels 
appear to be an important time in the developnu*nt of lastuig attitudes* 
about mathematies. In general, stucfies would hidicate a decline in 
favorable attitudes about mathematics as students eontiuue in school, 
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Are attitudes toward elementary school mathematics related to 
achievement in elementary school mathematics? 

B(»forc disciissiuiz; this (jiustion directly, the problem of measuring 
this h\ potheticcil t'on.striict should be exaniinetl. In his conipreliensive 
reviews of research On attitudes toward inatbeiiuitics, Aiken (1970b, 
1972) examined the various tools* available for measuring mathematics 
attitudes of-' students. In another source ( 1970a )Nie points to the 
problem in reflation to the question examined in this section when he 
states: 

A serious problem in dnuving conclusions about the interaction between 
attitudes and achievement coneemii the ina(le(iuacies of measures of attitudes 
themselves. The reliabilrty of a Tluirstone, Likert. or senumtic-difFerential 
scale is usually fairly satisfactory at the high school and college levels, but 
reliable measures of attitudes of elementary school pupils have yet to be 
de\isi*d. hi fact, the shorteoniings of all self-report inventories at the eleinen- 
tarv school level are widelv recognized; the limited reading abilities and 
experiences Ok pupils with the content of such inventories represent two 
^sources of difficulty ( pp. 251, 252). ? 

Xeale (1969) cites .studies by Anttonen (1969), Ryan (1968), and 
Husen (1967) in liis survey of research on the relationship between 
attitude and achievenunit. Aiken (1970b) also examined the various 
studies carried out during tlie 1960\s which dealt with the relationship 
of attitude and achievement in elementary school mathematics. Despite 
the substantial differences hi instruments and populations, the correla- 
tions betw(»en attitude and achievement are generally in the 0.20 to 0.40 
range. In other words, there is a modest positive relationship between 
attitude and achievement in elementary school mathematics. Neale 
points out that two alternative explanations for such correlations may be 
given. Thr first is that fiivorable attitude causes learning; tlie second is 
that learning causes favorable attitud(\ It is inter(\sting to note from the 
W. J. Callalian (1971) study that the most frecjuently cited f'ea.son for 
dislikhig nTathematies was "not good hi math, don*t learn ea.sily, not sure 
of myself. ^ ^ 

Aiken ( 19701) ) points out tliat the relationship between attitudes* 
and aehiev(M)i(Mit* may vary with the pupil or particular gi'oup/of pupils. 
Citing evidence from Cristantiello (1962) he suggests, for example, that 
'correlation betw(^en attitude and achievement may vary with ability 
level. It may be jthat if attitude is very high or very low, it has a greater 
influence than ability on achievement, but in the middle range of atti- 
tudes abilitv is the more potent determiner of achievement. 

In sumniarv, it can be not(Kl that there is a modest relationship 
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between attitude and aehiev(»nH*nt in (»l(»in(»ntarv school niathenmties. 
Prol)l(»nis in measurement of the attitude construct with elenientarv 
school stud(»nts, and probh^ns in int(M*preting the nu^aning of the correla- 
tional studies, make it difficult to present eompe^lHng r(\s(»areh evid(»nee ^ 
for the logical argunu^nt duit positive* attitu(k»s toward nuithematiQs play 
an important role in eontribnting to mathematical achievement. 

What factors seem to influence the development qf 
attitudes about mathematics? i 

Aiken s (1970b) thorough (examination of the r(\seareh on attitudes 
led to consideration of various factors, and their rehition to mathematical 
attitude.- For a compreh(»nsiv(» consideration of this (juestion, the inter- 
ested teacher should examine diis source. On analyzing various non- 
int(41ective factors, social factors, parental factors, curriculum factors, 
and teacher factors, and their association with attitude toward mathe- 
matics, Aiken stat(»s that of all the factors affecting student attitudes 
toward math(»inatics; teacher attitudes are viewed as being of particular 
importance. 

vStudies such as thos(» by Aiken and Dreger (1961). Torrance and 
Parent ( 1966), and Peskin ( 1966) offer some evidence on the importance 
of the teacher to matheniaties attitude* development. Eighth graders in 
the W. J. Callahan (1971) study mentioned, *'Good teachers who explain 
and are sympathetic have he*lp(»d me like it" as the second most fn^cjuent 
contribution for liking mathematics. Phillips ( 1973) has r(»c(Mitly reported 
(evidence 'that the tCMchers attitude toward arithmetic is significantly 
related to the student's attitude* and achievement. This n^lation was not 
evident if die attitude* of only the* students most recent teaclu^r was 
eonsid(*red. Howe^ver, wlu*n two of tlu* studeMits teachers of the* three / 
pn^vious y(»ars had favorable » attitudes, student attitude appe^ared to be 
reflated in a pe)sitive wav. 

PVom die^ir study. PofFeMibeMgeT and Norton (1956) cemclude^d in 
regard to early teaclu^r influence that arith nicotic and nnthematies teach- 
ers can hav(» strong positive^ e)r negative* e^ffects upeni students* attitudes 
and aehie»veme»nt in tlu'se arenas; (a) the'\' builel upon attitudes evstab- 
lished by pare^its; ( b) die^ e.»nthusiastic te^acher leads stuek^nts te) like this 
subject; (e) the» te^iehers who te^nel tej affect stuelents' attitude\s and 
achie»veme;nt pe)sitively have the* fe)ll()wing characteristics: a goo el knovvl- 
e»(lgo e)f the subje^ct matter. stre)ng interest in the* subje'ct. the de\sin» te) 
have* stuelents unelerstand the* mate*rial, and ge)oel cenitrol of the class 
without being overly strict. 

It woulel seem re*asonable* that pare*nts may alse) have an influence 
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on the cittitiul(\s ot students toward inatheinatics. Poffenbcrger and 
Norton (1939) suggested that parents alFect ehildrens attitudes through 
their expectations, eneouragenu^nt, and their own attitudes toward 
niatheniaties. AlpcTt ef al (1963) found that student attitudes about 
mathematics were positi\ely rehited to the amount of nuUhematics edu- 
cation desired for them by their parents, Attitudes were also positively 
related to parents' belief that competition v.us desirable in the modern 
world. Hill (1967) found that there was more similarit)' in attitude 
about math(Hnaties between mother and son than between father, and 
\oi\, but sons appeanul to have greater accordance with the expectations 
of their fathers than wiiji those of their mothers. Levine ( 1972) reported 
a radier consistent response* between the views of elementar\' school 
pupih anfl their parents regarding the relative importance of mathematics 
compared to other elementary school subjects. 

Aiken ( 1970c) has also oxamined the impact of various instructional 
procedures and curriculum programs on mathematical attitudes of stu- 
dents. Such procedures and programs as rpte vs. m(*aningful teaching, 
ability grouping, and "modern math" were t^mined. The general impact 
on attitudes of these factors appears, atsMest, to be modest. Haskell 
(1964) reported that sociometric grouping of students seemed to affect 
^^ositively attitudes toward a geometric. task. J. L. Higgins ( 1970) studied 
the effect on attitude of a laboratory, mathcmatics-through-science, 
approach to instruction. 

The selected studies cited convey an idea of the complexity and 
idios\1ieratic natun* of attitude formation. Many factors appear to 
combine hi complex wiiys in affecting the mathematics attitudes of chil- 
dren. The impacts of tcMchcTS and parents, perhaps in that ord(T, appear 
to make significant contributions, however. 

Is anxiety associated with mathematical learning? 

Skcnnp ( 1971 ) has describc^d an instructional scenario with which 
many can easily identify. Uo writes about a hypothetical lesson where the 
exposition, though not (^xeelhnit, is n(*V(*rthel(\ss not nltog(>tlu>r inadecjuate. 
Some pupils will understand the point of tin* expository lesson; some 
will not. If those* who do not understand feel oven-anxious at their failure, 
they will no doubt make greater e'fforts to compre*hend. But this over- 
anxiet\' can be se*lf-defeating, in that it can actually diminish the vScc- 
tiveness e)f the*ir e>fforts. The more* anxious the* student becennes, the 
harder he* tries, hut the worse he is able to understand, and so the* more 
anxious he be*come\s. A vicious cycle* may be* se*t in motion. For mathe- 
matics lessons, at l)e*st the anxie*tv may be aroused in the single situation; 



ERLC 



93 



82 ELEMENTARY SCHOOL MATHEMATICS; A GUIDE TO CURRENT RESEARCH 



at worst— and this is probably more common— there may be a spread (^f 
the anxiety arousal to mathematical tasks in general. 

Aiken (197()c) points out that anxiety may have eith(,M'- a negative 
or po5^itive (»ffeet on pcn-fonnanec* in mathematics, (h^pending on its 
intensitv, the task, and the individual. Ikn- instance, Skemp (1971) cite.s 
the principle known as the Yerkes-Dodsoa law, which suggests that the 
optimal degree of motivation for a given ta.sk decreases with the com- 
plexity of the task. For a simple task, the stronger the motivation the 
better the performance; for a more complex task, thjs i?» so onlv up to a 
point, tlwn further increases in anxi(»ty produce a deteriorating per- 
formanc(» on the task. 

Stu(li(»s dealing ^with mathematics and anxietv fall into two g. ^ 
methodological eat(»gories. One set (Iless, 1963; Milliken, 1964) ..s 
somatic (body) expf cessions which an* numifested bv individuals when 
confront(»(l widi madiematical tasks; the other uses responses on* paper- 
and-peneil (juestionnaires as indicators of anxiety (Feldhus^m, 1965; 
McCandless and Castaneda, 1956; McCowan, I960;' Philips, 1962 ). TIk^ 
former d(\scpibes the fluctuations in size of die pupil of the eye, breathing, 
blood pressure, h(»art rate, arid sweating, whcni studcnits^ are faced bv 
mathematical tasks. Thv latter asks studcnits to respond injrospectivelv 
to situations statc^d on the (}U(\stionnaire. In gcnieral, the studies show 
a significant lu^gative corr(»lation betwe(»n achi(»vemeat in mathematics 
iind the various anxiety measures. ^ " 

Biggs (1963) concluded after exaniining research on anxietv and 
learning in mathematics that in aritluuetie and niatlu^matics, the inhibi- 
tion procluced by anxiety appears to swamp anv motivating efl^ect, par- 
ticularly wlu»re the children conccnied arc* alreaclv anxious; or to put it 
another way, anxiet\' appears to be niore easily aroused in learning 
mathematics than it is iu other subjects. ^ 

In answer to the (jU(\stion poscnl in this section, it appears that 
'anxiety and mathenuitics are related. In gcnieral, high auxiet\' is asso- 
ciated with lower aehic^venuuit in matlunnatics. but this is a compl(\x 
relationship affected by some* of the factors to be discusscHl in the nc^xt 
S(»ction. The work of Natkin (1967) suggests that behavioral tlu^apv 
technicj^es may nSev some Ixmeficial effect on anxiety arousal in mathe- 
matical situations. ^ 

What are some factors associated with anxfety 
Jn mathematics learning? 

The trend in studying anxietv and its (effects on learning has been 
a movement away from the studv of "anxiety" toward a studv of "anxi- 



STUDIES CONCERNING THE CHIlC' 83 

i 

eties/* This approach .suggests tliat an individual could he quite anxious 
about one part of his school experience and less anxious about other parts. 

Dreger and Aiken ( 1957 ) carri(»d out a study with college freshmen 
to Si(v whether a syilch-oine of emotional reactions to aridnnetjc and 
mathematics could be detected that could be hibel(Kl "number ajixiety/^ 
They concluded from their studies that: 

1. Numher uiixiety does appear to be a separ^ite factor from "general 
anxiety/* although the 0.33 correlation indicatt^s some causal relation probably 
exists. 

2. Number unxiety does not seem related to general intelligence. ,^ 

3. Persons with hi^h *'nunibci anxiety" tend to iiake lower mathe- - 
niatics grades. \ 

In Milliken*s (1964) work witli college freshmen, he predicted that 
students who indicat(»d mathematical deficiency would effect greater 
blood pressure increases under the mathematical stress^ conditions than 
thoS"e who indicated higli proficienc}' in matheniatics with a deficiency 
in verbal ability. He found that students of both sexes \\4^o had exhil)ited 
mathematical drficienc}' did increase in anxiety under .^tressful mathe- 
matics testing, as contrasted with a slight increase duijing th^eH'crbal 
testing. Yet the mathematieally able* mah^s also reacte^ with gi'eater 
physiological elmnge durmg niatl\ematical testing than ^during verbal 
testing. Tlie females were onh* slightl}^ more anxious in the mathematical 
testing. 

, Another specific anxiet)' that has been studied is test anxiet)* ( Sarason 
et ah, 1960). Correlational studies carried out ])ctweeu test anxiety and 
achievement in t«lementary school mathematics, as shown by stan- 
dardized tesi: results, indicate a rather consistent tcndenc);\f()r cliildren 
witli high levels of text anxii^t)' to perform niore poorly tlVan children 
with low levels of text anxiety. Frosfs (1968;) stud) did Wot support 
the contt^ntion that test anxiet) was more specifically related to educa- 
tional achievement than genc^-al 'luxiety. \ 

Sarason, Hill, and Zimbardo (1964) reported a stronger negative 
correlation between level of anxiet) and residing test scores tlia'ji between 
anxiety and arithmetic test/scores for children in gi'ades 2 tjirougli 4. 
Stevenson and Odoms (1965) results in grades 4 and 6 incticated no 
tend(-nc)' for the correlations to be higher on any one partici^lai achieve- 
ment test. Jonsson (1966) found a significant interaction between level 
of test anxiet\ and ease or difBcult\' of a mathematics test. T^ie high- 
anxious students did not ^ perform well on the more difficult form of the 
test. Robinson (1973) found a negative correlation between test^ anxiety 
and problem solving tasks in -mathematics. 
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It is difficult to makt» u simple gciUTulization regarding tho factors 
associated with anxiety in nuitheniatics learning. T(»iiehers can be quite 
confident, however, that high anxiety does have a debilitating eltect on 
achievement in elementary school math(nnaties. From a .Velected set of 
stiuhes, it would seem that association between aebievemelit and anxiety 
will be affected by such factors in the instructional process as abstract- 
ness of th(\ materials to be leanied, familiarity with the riiaterial to be 
learned, gi'ade level of the student, sex of the student, socioeconomic 
status of the student, as well as the type of cognitive processing recjuircd 
in the task. 

Is reflective and impulsive behavior associated with 
learning in mathematics? 

It can often be observed that when children are confronted with 
a pr()l)l(»m the\' may react in very different ways. Some seem to Vscspond 
innnediately with the first thhig that conies to mind; others seem to run 
a series of "validity checks," just to make sure, before responding. Kagan 
{ 1971 ) has siigf^esti'd that the major cause of a reflective attitude is 
anxiety over iiiakiiig a mistake. The greater the cliiUrs fear of error, the 
more lik(»ly he is to be reilective. If the child is les.^ inhibited and 
cautious, he may tend to respond to a problem situation in a more 
impulsive manner. , 

Cathcart and Liedtke { 1969) explored the hypothesis diat reflective* 
students achieve liigluT in iiiatlieinatics than impulsive students. Using 
46 gra(l(» 2 students and 12 grade 3 students, and a luathematics achieve- 
ment test composed of concepts, problems, and basic facts, their data 
tended to confirm the hypothesis. Thev ccmeluded that speed of 
response is not a valid criterion of ability to afhieve in mathematics at 
fli(» primary l(»vel. Their data suggested that the students who achieve 
tlie^bt^sT in ft^atijem'atics are those who are more reflective and t^ike 
l()iU^(T to consider\heir responses, ('allahan and Passi (1971) found a 
tendency for kindergarten childrtMi classt;'d as '*ref]ective" to be able to 
cons(n-ve length on a Piag(^tiaii-type task inore often than those classified 
as '^impulsive.'' although the relationship did riot reach statistical 
significance. ^ 

Scliwelx^l and Scliwebel (1974) focused on the effect that differ- 
ences in conceptual tempo have on the unck'nise of children's capabilities 
in problem solving. They hypothesized that impulsive rc»sponders would, 
be more likely than reilective respoiiders to **underuse their capabilities.'' 
They further ]iypoth(»si/,ed that if impulsive responders W(»re restrained 
fronfi answering (juiekly. they would make better use of their capabilities 



ERIC , ' 9G 



STUDIES CONCERNING THE CHILD ' 85 



and perform at a liigher level. Forty-nine first and second graders, 30 from 
lower. and 19 from middle socioeconomic class backgrounds, were used 
in the study. Tasks employed in the study involved two Piagetian class 
inclusion problems and a number conservation task. One finding was 
that children from lower socioeconomic class backgrounds ^wlio were 
restrained from impulsive behavior significantly outperformed their 
unrestrained counterparts. It was also found that, with 'the control 
groups-, those children responding correctly to the Piagetian tasks were 
less impulsive in responding than their unsuccessful peers. 

Since mathematical tasks may reflect a full range of cognitive 
processes from high to low, various conceptual tempos may be sought 
depending on the tasks involved. In dealing with impulsive or reflective 

• children, Kagan (1971) suggests that teachers may have to adopt different 
strategies for the two groCips of children. He writes: 

The teacher "Jihould alleviate excessive anxiety in the young child. She 
should e*nc()urage the reflective child to c^ucss when he is not smv and to be 
less critical of his mistakes. She should encourage the impulsive child to 
slow down, to think about the aeeuracv and quality of his answei-s, and to 
be concerned with 'the po.ssibility of cnjor (p. 129). 

What are some other personality dimensions that may have 
an effect upon learning in mathematics? 

Self-esteem or self-concept appear to be related to achievement in 
elementary school mathematics. Peper and Chansky (1970) found rela- 
tivelv higli positive correlations between self-esteem and scores on the 
verbal probhmi s6lving section of the Iowa Test of Basic Skills. Gustafson 
and Owens (1971) found significant positive correlations between sqlf- 
esteem and mathematics scores on the California Test of Basic Skills. 
Robinson (1973) found that good problem solvers tended to have highch* 
scores on a test of self-esteem. Other studies (Bodwiu, 1957; Fink, 1962) 
also tend to confirm the relationship between achievement and self-esteem x 
or self-concept. 

From a clinical point of view, die relationship between adequacy of 
self-concept (how a child perceives himself) and achievement in elemen- 

• tarv school mathematics is a two-vvav street. For some children tlie 
cause of underachievement may be an inadequate concept of self. ('I 
Tiever could do anything well") For others, a hi.stoiy of failure (real 
or imagined) in mathematics may be the cause which results in an 
dnadequate concept of self. y 

Hebron (1962) suggested that "extrovert" personality traits /may 
favor the assimilation of the first elementary facts of a novel nuithematical 
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task, while the student with ii\ore "introverted" traits may be more 
capable, when this stage is passed, in applying these initial facts in more 
complex problem situations. 

Lev)' (1943) and Plank (1950) have suggested that the ovcrpro- 
tectecl child will not do . s w(?ll in arithmetic as in other subjects. Rose 
and Rose. (1961), using larger samples and houiogeneous and hetero- 
geneous social groupings, found no support for the overprotection 
hypothesis as a whole. However, their data suggest that the variable of 
overprotection is more likely to become operative in the socially homo- 
geneous classroom than in the socially he^terogeneous classroom arrange- 
ment* 

Kemp (1960) studied the achievement of the dogmatic personality. 
He found that *'high dogmatics" had a greater percentage of errors in 
problems whidi required the studying of several factors or criteria for 
decision and^he deferring of a conclusion until each f^ictor has been 
judiciously considered. He suggests that the **high dogmatic" personality 
has difficulty in tolerating ambiguity and is thus impelled toward a 
*'clcsure" before full consideration is given to each piece of contributing 
evidence. This sometimes results in the perceptual distortion of facts 
and in a conclusion which does not encompass all elements of the 
problem. 

Discussion of these few personalit)' traits, along with previous 
discussions of attitude and anxiety, underscore. the complexity of the 
teaching/learning act in elementary school mathematics. Skillful teaching 
of elementar)^ school mathematics must include a sensitive awareness of 
a student's personality traits. Such sensitivity may improve achievement 
in school mathematics; this improvement may contribute to a healthier 
personality. 
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What are some considerations in tndividualizing mathematics 
instruction within the classroom? . ' 

BrovvTiell ( 1935) pointed out 40 years ago in his research that pupils 
do not necessarily learn arithmetic in the manner assumed by the 
instructional process. The assumption underlying the drill procedures 
used by teachers in his study was that upon seeing or hearing a stimulus- 
(as 3 + 4) the student would think tlie sum (7), and only the sum. 
Brrnvnells interview procedures indicated that this was true of only about 
two of every five children in tlie tliird grade. The point being made is 
that there is' a distinction between individualizing instruction and individ- 
ualizing learning. The locus of control of the fonncr exists in the objectiv'e, 
educational environment of the student and* is difficult to achieve. Tlie 
locus of control of die latter exists in die uni(j[ue personality and experi- 
ences of the individual student and is difficult not to acliieve. 

The (juestion considered* in tliis section is concerned with die educa- 
tional icnvironment adaptations diat may be undertaken to maximize tlie 
learnitiig opportunities for each pupil in niaduniiatics. A^s Trafton (1972) 
has p|[)inte(l out, individualized instruction essentially implies a point 
of vi(l'w toward pupils and their learning. Success in individualizing 
instriiction would seem to require study of, and understanding, the 
student as an individual; stud\' of, and understandi,.g, die mathematics 
from; a comprehensive view; and organizing the school and classroom 
instruction in order to n\axiniize opportunity for each, individual to learn. 
Theflast requirement mentioned is the main focus of this section, but the 
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reader should not infer that "individualized instruction" is" simply asso- 
ciated with a particular classroom management scheme. 

Trafton (1972) discussed three levels, or approaches, to hidivid- 
ualizing instruction in the mathematics classroom. One was the 
"whole-gi'oup" approach. lie suggests this may be effective for initially- 
developing ideas and skills. The 'sensitive teaciier may ^'individualize" 
the whole-group lesson by appropriate use of materials, questions, and 
wr^itten work that may review or extend the idea or skill. Another lev(»l 
he called the "modified whole-group * approach. This includes such 
organization procedm-es as independent or self-paced progi'ess, abihty 
grouping, and flexible grouping. Regarding the independent or sclf- 
pacc*d teehuiciue, he cautions against the use of this as the sole approach 
to instruction, since it may not provide the extended aniwant of guided 
development that most pupils need if they are to learn mathematics as 
other than a collection of isolated bits and pieces. He also r'' "ussed 
modifying the whole-group instruction to include independent, self- 
selected activities. Provision for such activities is often incorporated 
in the use of mathematics "interest-centers" or mathematics "laboratories" 
in the chissroom. 

Another consideration in individualizing instruction involves the 
role of the classroom teac^her in making instructional judgments. Hender- 
son (1972) suggests that individualizc»d instruction, in theory, should 
provide each individual an opportunity to learn what is appropriate for 
hhn in a mode (or modes), and at a pace, suitable to his abilities and 
interests, Judgments on "appropriateness" and "suitability" can be viewed 
from two extremes. From one*perspective such judgments may be thought 
to reside with the teacher; from the other perspective, only the iud>^idual 
pupil can make judgments regarding "appropriateness" and "suitability." 

In attempting to implement the latter point of view some programs 
and/or systems have been developed that attempt to be teaclun'-proof. 
The adult in the classroom ("teacher" seems an inappropriate* label) 
assumes an active managerial r()le, but a passive instructional rok*. The 
program » or svsteni, provides the nutans and ways for the individual 
student to make the "suitable" and "appropriate" judgments and the 
opportunities to learn mathematics without adult interference. 

Advocates of the other point of view place the teaeh(»r at the center . 
of a successful indiviclualiz(»d program in elem(»ntar\ school mathematics. 
Henderson states: 

It's the teacher that counts in the long run for most students, not 
, systems of inanai^enieiit or types of materials. . . . Wo can ])est achie\'e the 
objectives of indi\ iduali/ed instruction by humanizing teaehers, improving 
their expertise, and pnn idin<j; a flexible and reasonable eliuuite in which they 
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can inspire persofial learning in a social context and take into consideration 
the content, method, and puce appropriate for their individual students 
(pp. 21-22). 

In summary, the classroom teacher who wishes to individualize 
instruction must be aware that it involves niucli more than manipulating 
classroom organization. E.ssential to success would seem to be an 
awareness of eaeli child as a unique individual; an a\varcness of the 
mathematics curriculum— its logical and cultural composition and contri- 
bution: and a repertoire of classroom organizational abilities and tech- 
niques. It would also seem useful to clarify the role of the "teacher* 
vis-t\-vis the concept of individualized instruction. 

What is the place of the 'Intormar classroom in teaching 
elementary school mathematics? ^ 

Any contemporar)' consideration of learning environment must con- 
sider the present "informal" classroom movement being experienced in 
this country. The movement also appears under other names such as 
"Open Education," "Leicestershire Plan " or the "British Primary Move- 
ment.** The associated observable classroom characteristics of the move- 
ment are the superficial "accidents" of the movement; the "essence" is a 
cluster of personal beliefs by educators regarding children\s learning, 
developuicnt, and the nature of knowledge. These essential beliefs and 
values have a long tradition among educators. Bartli (1971) has devel- 
oped a collection of assumptions regarding learning and knowledge that 
may help professional educators come to know the professional-self more 
clearly and aid in deciding the appropriateness, or inappropriateness, 
of the movement for them. 

Attention was focused on tlie movement with the report published 
under the auspices of Enghuurs Central Advisorv* Council on Education, 
Children and Their Primary Schools ( 1967). The report was prepared by 
a connnittce chaired by Lady Plowden, and its general aim was to survey 
the present state of schools in England and to offer direction for reform. 
. Featherstone ( 1967a, 1967b, 1967c) popularized tlie report in tliis country, 
and Silbemian (1970) encouraged the consideration of the direction of 
reform as an antidote to some of the "grim" conditions he found exi.sting 
in the schools of this country. 

To underscore^ the fact that many of the reform directions are far 
from new, it, is enlightening to read some of Rices (1903) articles that 
appeartul in The Forum about the tuni of the centurv*. After traveling in 
Europe, and visiting their schools, lie returned to visit schools in this 
countrv and prepared a series of articles on his observations. The 
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' purpose was to report on t^e "spirit" of the 'schools. He found many of 
the schools "repressive" and gives insight into his desired direction of 
change when he writes: * ' / 

I had long believed that elementary education should take into account 
the normal activities and interests of the child; that" the latter should be 
introduced to the beauties of nature and art; and that he should be as free 
in his schoolroom as orderly development would permit (p. 451). 

Although indefinable, the informal schools do have some broad 
qualities and concerns that distinguish them from formal or traditional 
schools, according to Rogers (1972): 

1. Informal British schools are distinguished by the degree to which 
they have become "de-institutionalized." Children move relatively freely about 
such schools, in classrooms and corridors alive with color and things of all sort. 
Old chairs, rugs and cai'pets, ovens and animals, all give a warm, human, 
nott-school atmosphere to the building.. 

2. Teachers seem to accept' a fuller, broader interpretation of the idea 
of "individualization." Children are seen as unique or different in terms of 
their total growth patterns as hliman beings rather than in a nan'ow, skill 
development sense. 

3. Teachers in informal schools place far more value on detailed 
observation of a child's work over a long period of time as a primary evaluation 
source than they do on more formal testing procedures. 

4. Teachers (and headmasters or principals) play a far more active 
role in making day-to-day curricular decisions of all Icinds than do their 
countei*parts in more formal schools. 

5. Teachers in such schools seem to accept fully the n6tion that chil- 
dren's learning proceeds from the concrete to the abstract, and that premature 
abstraction is one of the great weaknesses of the traditional school (p. 402). 

I Again, to underscore the tradition of this line of thought in educa- 
tion, it might btT useful to represent a few ideas presented by Johorinot 
in hiTTSTS "Methods" book. Principles and Practice of Teaching. Of the 
work of Pestalozzi and Froebel, he writes: 

The first and most fundamental principle in all his [Pestalozzi's] work is 
that the mental powers are unfolded in definite order, and that tme instruction 
must be that which is intelligently adapted' to each stage of mental growth, 
and directly tends to promote thd next step of development (p. 124). 

The next important principlg of Pestalozzi is that the teacher should 
make the child the subject of profound and careful study. While the general 
principles of mental philosophy derived from the aggregate study of mind 
will serve as a y.ndc to general courses of instruction, a special study of the 
peculiarities of each child is necessary as a guide to the intelligent adaptation 
of general means to particular cases (p. 126). 
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... all school work should be founded upon the actual experiences of 
the child. To this end the exercises of the schoolroom should conform as 
much as possible to matters which interest the child out of school, and all 
instniction given should start from that which is already possessed (p. 127). 

In all the works of the great reformer there is nothing more distinctly 
shown than that the systematic studv of things should precede that of books 
(p. 127). 

The education of children should be based upon self-activity. The needs 
of ever\' child give rise to desires, Tiud the desires to activities of some kind 
(p. 136). , ' 

The child must be left free to show its activities and express its desires. 
This freedom is best manifested in play, which is free activity gratifying 
desires, and, when U{)t perverted, the instmetive and unconscious manner in 
which well-being is promoted 136). 

Whatever gives pleasure to children generally and at ivll times, always 
serves to promote their development in some way. ... the old system of 
educati(m , . . held that study was valuable in proportion as it was distasteful 
and that culture was to be sought in thwarting, rather than in gratifying, 
natural inclinations (p. 137). 

Little empirical evidence exists on the comparison of children's 
learnings in "formar and "informal" classroom settings. In a study 
carried out in British schools Haddon and Lytton (1971) found that stu- 
dents in schools designated as "informal" had .significantly higher scores 
,on tests of divergent thinking ability than those students from schools 
that were "fonnnl." On follow-up studies four years later the results 
were similar. Scores on objective tests of mathematical achievement 
appeared to be lower for students from the "informal" classrooms than 
from the "formal" classrooms. 

Though extremely limited, the forementioned study may be a 
harbinger of consequences of adoption of the "informal" classroom pro- 
cedure. Recall the general findings comparing children in "new" and 
"traditional" math classes from an earlier discussion in Part One of this 
book. In general, students in more conceptuixlly oriented programs did 
better on tests composed of more conceptual tasks while students in less 
conceptually oriented programs did better con tests composed of less 
conceptual, skill, tasks; It well may be that when comparative outcomes 
of "formal" and "informal" classrooms are made, students in "informal" 
environments mav perform better on "divergent" tasks while those in 
more "formal" classes may do better on "convergent" tasks. This w^ould 
again imderscore the need by teachers, and others ^concerned with the 
education of children, to consider the desired goals of education. 

Many educators, during the midst of the "new" math movement. 
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decided that the drop in computational skill scores on objective tests 
was too much of a price to pay for the limited increase in performance 
on conceptually-oriented tests. The consequence was often a general 
disillusionment with all of the "new" math, Without careful thought, a 
similar disillusionment with the "informal" results could be with us in 
a 'few years. It well may be that, again, the drop in performance on 
convergent-type tests will be viewed as too grpat a price for the possible 
limited increase in artistic or creative achievement and some demonstra- 
tion of divergent-thinking processes. Wallach ( 1971 ) has suggested that 
the implications of "Open Classrooms*' may have greater consequences 
for the children of lower socioeconomic level than for students from 
more economically affluent homes. 

In summary, the informal education movement has its roots in 
centuries of educational thought. Sensitive observers of the contemporary 
movement often focus on a "spirit" in describing Jthe "informal" classroom. 
This spirit seems to be built around such human virtues as trust, faith, 
respect, and love. Many innovators in this country seem intent on captur- 
ing the "spirit" by prescribing buildings without internal walls or by 
filling classrooms with every possible type of manipulative material, both 
animate and inanimate, ^uch preoccupation with the accidental accoutre- 
ments of instruction will certainly doom the movement to failure anu 
destine the manybeneficial aspects to an undeserved "limbo" . . , until 
they rise again on the wings of another movement. Barth (1973) has 
observed: 

Open versus "traditional" has become a dangerous, futile ideological 
battle. We could more profitably direct our energies toward helping each 
child develop the personal and cognitive skills about which tltere is widespread 
agreement among adults (p. 59). 

What is the place of the "math lab" in elementary 
mathematics instruction? 

Consonant with the incrca,sed interest in "informal" instructional 
procedures there has been renewed interest in the mathematics labora- 
tory'. As with the rationale for the "informal" education movement, the 
mathematics laboratory approach reflects certain essential beliefs about 
how students most effectively and meaningfully learn mathematics. 

Reys and Post (1973) cite the thoughts and writings of Pestalozzi, 
Froebel, and Rousseau as giving early impetus to laboratory procedures. 
vShaaf points out in the introduction to Kidd, Myers, and Cilley (1970) 
that Perry in England and E. H. Moore in the United States were writing 
of such procedures around the turn of the present century. Bernard 
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(1972) traced the mathematics Uiboratorv concept to the work of A. R. 
Hombrook in 1895. 

Like so many educatioiuil procedures in the ehissroom, the mathe- 
matics laboratory defies precise definition. Revs and Post (1973) suggest 
that it has at least two distinct connotations. One is diat of an approach 
to learning mathematics, while the other is that of a place where students 
can be involved ia Naming matheuuitics. Kidd et ah (1970) suggest the 
following characteristics of the procedure: 

1. Relates leaniiiig to past experieriees and provides new experiences • 
when needed 

2. Provides interesting problems for the students to investigate 

3. Provides a non threatening atmosphere conducive to learning 

4. Allows the student to take responsibility for his own learning and 
to progress at his own rate. 

The form and filnction of any particular laboratory' may differ 
considerably. 

As might be expected, research on the achievement results of 
students who experience mathematics instruction in a laboratory' setting 
are far from consistent or conclusive. Two surveys (Hynes, Hvnes, 
Kysilka. and Brumbaugh, 1973; Vance and Kieren, 1971) of research 
on mathematics laboratories have beei; reported recently. Vance and 
Kieren came to the following conclusions: 

L The research indicates tliat students can leani niatheniatieal ideas 
from laboratory settings. However, in maximizing achievement on cognitive 
variables, other meaningful instmetion appears to work as well if not better. 
This trend carries through for higher-k»vel operations such as transfer and 
creative use of concrete materials. 

2. One generally liekl feeling about mathematics kiboratories is that 
they promote better attitudes toward niatjiematies. There is only limited 
evidence of this in the careful evaluations of activity-oriented mathematics, 
although some students seem to prefer laboratory approaches to more elass- 
orientcd approaches. 

3. The "gains" made through a kd)oratory approach appear to be 
practical. The research and evahuition reports seem unanimous in concluding 
that students and teaclicrs can learn to use laboratory approaches easily 
(pp. 588-89). 

The nvsearch and evaluation literature suggests that laboratory 
approaches can be used practically and effectively. However, any effec- 
tive utilization takes organization. Furthermore, laboratory' approaches 
are not a panacea, but appear to be an (effective instructional methodolog)' 
in a teacher s repertoire. 
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How can we best group children tor learning mathematics? 

The question could also bo iiskctl: "Does ability gi'ouping increase 
lettniing in mathematics?** Or it could be asked: "Does decreasing the 
range of ability in an instructional group result in increased learning?" 

It is a commonly held belief among school personnel that reducing 
the h("t("rogeneity. or increasing tlu* l-.anogeneity, of a groi\p of children 
will make it possible for the teacher to bring about a closer fit between 
the students" ability to learn and die learning experiences. Administrative 
attempts over die past century have been identified by such expressions 
as: grade grouping (one-room rural school), X YZ grouping (by levels of 
intelligence), "Wstihulc" groups. Winiietka Plan, Hosic Cooperative 
Group Plan (this plan requires teachers to work in small cooperative 
groups under a group chairman), the Dalton Plan (in which the work 
was assigned 1)\ "contracts"). Platoon grouping. Dual Progress Plan, 
ungraded primar\- gx'ouping. ungraded iiittM-niediatc groupiuji;, depart- 
mental grouping, inter-grade ability grouping, and several others. 

Far nioH" nnnu'rous than the names of die plans are die research 
studies coinparing progress under one plan with progress under some 
other plan. - Shant" ( 1932) summarized the findings of most of the studies 
this way : 

It Hvvms reasonable to toncliult^ thiit die "best" grouping procedures are 
likely t{) differ from one svhoo] to another, the most (lesirahle practice often 
being depeiuleiit iipcni such faet{)rs as (a) the eoiiipeteiiee and niatnrity of the 
l{)cai staff, (b) the nature of the physical plant, (e) the ;chool size, (d) class 
size, le) the local eurrieiiluni or design of iustnietioii, juul (f) a highly 
iiitciru^ible (piality-die intensity of the desire of a teacher or a group of 
teachers to make a particular plan work effectively. 

, The philosophy and ability -^)f the able teacher are liiidoubtedly more 
important than aiiv t^roupin*^ plan, lu)Wever iiii^eiiious it iiii|y be, with respect 
to creating a s^ood environment for teaehiiii^ and leauung J'p. 73). 

Perhaps the most substantial and sigiiinciiiit stud\- of^tlie effects 
of abililv grouping is that of Cioldberg. Passow. and Justnian (1966). 
.\l)oiit 2.2()() children in 4.") eleiiieiitar\ schools in the New York City area 
were studied over the two school years, grades 5 and 6. In addition to 
u-ademic aehie\'eriieiit measures die researchers gathered data from 
teaehers* ratings of students, from students' ratings of students, and 
froiii students* attitudes toward school. 

f ; ' It is commonly belic^ved that narrowing die ability range of a 
group of ehildren will make it possible for the teacher to make better 
differentiation of eith(M- niediod or content. Contrary to diis belief, this 
stud\ reports diat siniplv narrowing the ability range does not necessarily 
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result in bettor adjiistiiient of method or content and does not iiecc^ssarily 
result in increased achi(»venient. 

When die data were analvzed for the slow children only, it was 
found that a single teacher who is capable of working with such children 
could achieve comparable growth in all areas. But, for die gifted chiliren, 
no single teacher seemed to be able to provide cqualK' clialh riging 
learning in all subjects : 

The general conclusion (of the study) is that, in predoininuntly middle- 
class elementuiy scht)()ls-, narrowing the al)ilitv hinge in the classroom on the 
basis of some measure of general acadoimC^ aptitude will, by itself, in the 
absence of carefully planned adaptations of content and method, produce 
little positive chancre in the academic achievement of pupils at atiy ability 
level. However, the studv found no support for the contention that narn)W- 
range classes are associated with negative effects on self-C(mcept, u.^pirations» 
interests, attituthvs toward school, and other nonintelleetive factors. Therefore, 
at least in schools similar to those included in this study, various kinds of 
grouping and regrouping can probal)ly be used effectively when they are 
designed tt) implement planned variations in content and method. The admin- 
istrative development of students must, therefore, be tailored to die specific 
demands of the curricnlnm (p. 167). 

In the light of the great amount of research on the effectiveness 
of various wavs of grouping children for- instructional purposes, school 
personnel can feel highly confident that teachers will teadli best in that 
tvpe of gi-ouping of children in which diey have the greatest confidence 
and sense of security. In a word, until some better plan conies along, 
t(*achers will tcnid to teach best when they are teaching the way they 
like best. 

How can mathematics class time be used most effectively? 

The ratio of class time spent on developmental activities compared 
to drill and practice^ activities has Ixnm the focus (^f a group of investi- 
gators over the past few decades ( Milgrani, 1969; Shipp and Deer, 1960; 
Shuster and Pigge. 1965; Zalin, 1966). Their acc^uniulated evid(»nce 
suggests that children learned arithmetic skills better by spending less 
tiuK* on drill and practice and more time on meaningful developmental 
activities. 

There was general agr(^eniciit among the studies that the classes 
wliieh devot(»d 50 percent or more time to developmental activities per- 
formed Ix^tter on achievement tests dum diose classes devoting 50 percent 
or nunv class tini(^ to drill and practit^e work. This was gcnierally true 
for all ability levels of stud(>nts, but iiicrcnised time on developmental 
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activities may hv most l)(»iic»ficial for the students wlio are inatlunnatically 
talented. 

Activities classified as 'developmental" in these studies referred to 
chissroom procedun^s intend(»d to increase understanding of the number 
system, fuucLuueutal operations, and applications of uuiuber in c»veryday ' 
experiences. Activities such as teacher demonstrations, teadier explana- 
tions, ijroup discussions, work with manipulative materials, and laboratory 
activities were classified as *'de\'elopmental." In general, such indivicUial 
pupil tasks as assigned exercises from textbooks, kits, dittos, and tapes 
were classified as "drill and practice" activitic*s. 

Mil gram (1969) attempted to ascertain how elementary school 
teachers tended to use class time in. mathematics. Using a t(»am of 
observers, the studx* found the following use of class time in intermediate 
grade classrooms : 

1. Time spent goini^ over previous assignment 25/? 

2. Time spent on oral or written dri]l 51% 

3. Tinu^ spent on introducing now rnadi concepts 

or (Icvelopnieiital activities 23^ 

4. Time of u!ur(»lat(*d interruption 1% 

This suggests that irlany teachers spend tlu* major portion of mathe- 
matics class time in correcting assigmnents and drill and practice 
activities. 

The importance of using time wis(0\* in teaching was und(»rscored 
recently b\ (Jonant (19J74). Tlu^ study identified the vavi(»d tasks that 
teachers perform in grades 1 to 4 and the amount of time devoted to 
each pursuit. Obser\'ers folbwed each of 47 teachers around for a full 
dav, recording in detail the tinu^ sp(*nt in different kinds of activities. The / 
ccnitral finding of the study was that teachers sp-ud onh* 30 p(»rcent 
of thcnr time in activities that are (^veu rev>iotely related to acadcunic 
instruction and learning-KK) minutes out of the oJi-hour school day. 
Of the 1 a) minutes, an av(»rage of 75 niinutes were de\'oted to language 
arts, 18 minut(^s to numbers/math, and no more than one or two minutes 
daily to any Other curriculum area. 

Evidence would suggest that at l(»ast 50 to 75 percent of math class 
tinu* should b(^ devot(^d to m(\mingful developmental activiti(»s. Drill 
and practice activities should not be ignon^d. but 2.5 to 50 percent of 
class time appears to be ample. There is (evidence that a disproportionate 
amount of class time is still spent on eornvtiug homework and drill and 
practice activiti(^s. .^s suggested by Riedesel (1971). 'Tn most cases 
an increased amount of exploration 'time results in a better understanding 
of the topic, better retention^ and thus less need for drill" (p. 179). 
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Does class size affect student acfiievement in - / ^ 

elementary school mattiematics? ^ 

l\ing fourth-iifnuU^ children. Moody. Bauscll anc\ Jenkins (1973) 
toinul that manipnhition of class size infku»nced the h'arning of selected 
niathenuitieal eontent^when that manipulation took the fbrni of reductions 
in class size from an average standard. Teacher-pupil ratios of 1/1, 1/2, 
1/5, and 'l/2i3 were used in the study. An examination of means of the 
four groups indicated tLit although small-group instruction was incre- 
nirntal w hen compared to large-group in<5truction, large-group instruction 
c<)uld be considcj'ed more efficient in terms of total learning produced per- 
tmit of instructioh time t and per teacher). 

In a study carried out in the San Diego school system ("Report to 
tlu» Board." 1965). 36 classes at" the first, third, and fifth grade Icyels of 
thrc'fc; different size categories' were compared for achievement The 
evidence suggested that small^ class size favored achievement in arith- 
metic int the first and third grade levels, but no significant differences were 
found at the fifth grade level.. Size categories used were: 



Small classes: 


C;rado 1 


25-28 




. Gfadc 3 


26-29 




Grade 5 


29-31 


Medium classes: 


Grade 1 


30-32 




Grade 3 


32-34 




. ' Grade o 


31-36 


Lavf^o classes: 


C;rado i^. 


36-39 




Grade 3' 


* 38-41 




Grade 5 


38-41 



Menniti (1964), in stud\ing aehievcfnent in {parochial elementary 
schools. f{)nud some evidence of a significant difference in achievement 
in mathematics in favor of ssmall classes for the below-average and 
average pupils. The achievement of the. upper IQ groups showed 'no 
signific ant differences between classes' of various sizes. 

The grrat amount of variability Tound'in the class size r(»search 
\v(mld seem to indicate that .high or low achic*vement can be observed 
at idl le,vels oF class *size, within reason. Small classc\s do not auto- 
maticallv bring about significant incyc»ases in achievemcmt. However, 
the \\ t'ight of evidence seems to favof the .smaller classes. The knowl- 
culgeable^lijul sensitive professional tc»acher can probably operate more > 
efficientlv Jnd effectively, and positively affect mathematics achievement, 
in a cjass of small size rather than a large one. 
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What about the readability of arithmetic textbooks? 

' "">^ • » 

Studies that have beeu conc?*m^*d ^with the vocabulary of elementary 

school textbooks in arithmetic generally have po nted up the gi'eat vari- 
4 ability in nimiber of new vocabulary words introduced at each grade - 
level as well as the rate or pace at which the npv words are introduced. 
Hunt (cited in Buswell and John, 1931) reported on an analysis of six ' 
third-grade books whose aggregate Vocabulary was composed of 2,993 
different words, of which only 350 occurred in all six book's. Similarly, 
Repp (1960) reported on an aniilysis of five third-grade books whose 
aggregate vocabulary was composed of 3,329- different words, of which 
only 698 occurred in all five books. She also reported that the uyerage 
number of new words per page ranged from 3.98 to 6,78 in the five texts 
analyzed. The* range of actual number of different new words, page 
by page, went from 0 to as high as 69 different new words on one page. 
Regarding the* technical vocabulary of arithmetic. Hunt reported a total 
of 306 words, of which only 34 were used in all six hdoks she examined, 
Bv applying a readiijig-level formula to five different commercial 
textbook series, Heddons and Smith (1964) concluded that the read- 
ability' level of the five selected commercial texts seemed to be generally 
^ above the assigned grad^ level. They also found a gi'eat deal of variation ^ 
of reading level both between and within the various textbook§ at a 
givt^n grade level Smith (1969) applied a reading formula to 11 seventh- 
y and eighth-grade mathematics series. Again, great variability of levels 
of rgitdmg was found within each series, ranging from the fourth grade 
fothe college lev(*l. Generally, the reading material did not progress 
from the easy to the mon^ difficult. There was, rather, a 'distribution of 
very easy and \'ery difficult material throughout the books. 

Some studies have attempted to assess the commonalit)' of vocabu- 
larv introduced in arithmetic te.xts and reading texts at the same level. 
Generally the intersecting .set of voeabiilary words is quite small. Reed 
(1965) analvzed two basic reading series, grad(\s one to three, and two 
basic arithiiietic scries, grades one* to three. The study found 217 different 
tej^'lmical vocabulary words" in the two arithmetic series. Of these! 217 
different technical terms, only nine wcn'c* also introduced in (ntlun* of the 
two reading t(\xts. Staiiffer (1966), in analyzing seven different ba^ic 
reading aciica at the primary 1(^\'(^1, and three different arithmetic books 
at the primary level, cofieluded: 

. , , even if a child had mastered all die different w{)rds presented in 
all of tlie seven reading series (at a given grade level), he would still need 
to learn to read at least one half of the words presented in the arithmetic 
stories in arithmetic class. This means diat he would need to be prepared to 
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deal with these words seinautieally (ineauiiig) and phonetioally-striieturally 
(speaking) in order to grasp and deal with aridimetie problems or diseassions 
(p. 144). 

The evidence from the various researchers citcnl would suggc^st that 
there is great variation in the vocabulary of various textbooks in elemen- 
tary school mathematics. - Where stress js* put on meaningfulne.ss in 
learning, as well as individual discovery H)£ some of the material to be 
learned, it seems imperative that th(^ student be able to read the instruc- 
tional material with a high degree of competence and confidence. With 
this in mind, the teacher of clcmc ntarx* school children should be quitc^ 
sure that he must be a teacher of the reading of arithmetic. 

Do children learn more mathematicsjn good schools 
than in poor schools? 

' f' 

Another way to phrase this question would be: *'Will increased 
educational opportunity improve intellectual acliievcn^icnt?" Contrary 
to common opinion, little evidence sechis to stipport"^ an aflSnnative 
response to this question. That is, it is probably quite true that an 
increase in educational (juality in the form of teachers, books, buildings,'' 
and other educational resources will not result in a corresponding increase 
in 'educational achievement, desirable attitudes, and aspirations. The 
Coleman Report (1966), an ambitious study of equality of educational 
opportunity, presents and discusses data collected in a survey of 600,000 
children enrolled in grades 1, 3. 6, 9, and 12 of about 4,000 schools 
reprcsentit>g a cross-section of all public schools in the United States,. 

The Ti^\searchcrs used tests of verbal ability, residing abilit\', and 
mathematical and analytical skills; gathered pertinent sociological infor- , 
mation conccniing the children and their parents; and assembled infor- 
mation on the attitudes and aspirations 6f the children. 

The highest average scores were attained by white children, fol- 
lowed in order by Oriental Americans, American Indians, Mexican Amer- 
icans, PuejTto Ricans, and Negroes. 

Variations in the amount of money used to increase quality in the 
schools have much less effect on the child's achievement than do his 
familv background and social cnvironmc^nt. That is, a direct' increase 
in the amt)unt of educational opportunity built into the school in what- 
ever fom'i(s) will not rc*sult in any appreciable increase in educational 
attainment. 

The student's self-concept is a very significant factor in his or her 
academic achievenuint. Negro students who have an adequate self- 
concept, who believe they can control their environment and their future. 
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will score higher on aeluevcMueiit tests than white students who feel 
inadequate and unable to eontrol themselves, their social and economic 
milieu, and their future. 

The authors (Col(Muan and others. 1966) conclude: 

The data suggest that variations in school quality arc not highly related 
to. \ ariations in achievement of pupils. . . . The .school appears uifable to exert 
independent influences to make achievement levels less dependent on the 
child's background-aiid thi^s is true within each ethnic gn)up, just as it is 
betwjL'en groups (p. 297). 

Is the mathematical trjaining of elementary school 
teachers adequate? / 

In one of the first direct attacks at pointing up the inadeciuacy 
of preparation of elenientar\ school teachers in nuitheniatics, (ilcnnon 
(1949) found that in-service teachers had mastered an average of 
55 percent of the understandings basic to the coniputatiomd processes 
taught in grades one ^through six. Subsequent adnunistrations of the 
Glennon instrument by other investigator (Weaver, 1956; Bean, 1959; 
Kenney, 1965) over -a period of years gencn-ally have produced com- 
parable results. Callahan (1966), using a test sampling more of the 
•modern" nu'ithenuitics programs of the day, found that the percentage 
of mathematics content known by teachers had not increased. Koeckeritz 
(1970). using the same uistrument. found no significant differences 
between high school sophomores, college seniors, and in-service elemen- 
tary school teachers. None of these groups achieved greater than^ 50 per- 
cent masteiy of the test items. It would seem that whether traditional 
or modern,, mathenuitics knowledge of elementary school teachers remains 
a real professional problem. 

Certain variables seem to affect performance of elementary school 
t(\ichers on tests of mathematics achievement. Sonu* studies (Todd, 1966; 
Callahan. 1966) have indicated significant negative correlation between 
scores on tests of mathematical knowledge and number of years of 
teaching experience. Other studies (Gibney. Ghither, and Piggc, 1970a, 
19701) ) hav(^ suggested that^grade level taught and preference for teaching 
certain .subject maUer in div elementary curriculum also may influence 
mathematics achievement scores. 

Hicks (1968) pointed out the disparity of content between ele- 
mentarv school math programs as refleet?*'d in basal series and the content 
of mathematics texts for teachers. He suggested that there were topics 
included in the mathematics texts foi* teachers that had little or no 
counterpart among enrrend)' used children's s(*ries. Other writers ( Dienes. 

\ 
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1970a; LcBhinc, 1970) luivo urged a closer relutionsbip between the 
content of the elementary nuithenuitics programs and the preparation of 
elemontaiy s'chool teachers in n.atheniatics. This relationship would be 
not only in content, but also in the instructional processes used in 
nuitliematical preparation courses for elementary school teachers. 

The Committee on the Undergraduate Program in Mathematics 
(CUPM) of the Mathematical Association of America conducti'd a study 
of requirements and offerings of mathematics in the preservice education 
progritms for teachers in the elementary schools in the late 1950's and 
early 1960s. The results of tlie stildy reflected a need for upgrading 
mathematics course ofFcM'ings. 'The C^UPM group made the following 
reconunendations iil regard to mathematics courses at the college level 
for prospective elementary school teachers ("The Training of Elementary 
School Mathematics Teachers," 1960 ^ 

1. A course or a two-bourse sequoncr devotod to the structure of the 
real nunil)er system and its subsystems , 

2. A course devoted to the basic concepts of algebra 

3. A course in informal geometry. ^ 
Subsequent surveys such as those by Fisher (1967), Foster (1970), 

and Hunkler (1971a) .seem to suggest that the CUPM reconunendations 
were generally not totally implemented in the preparation of elementary 
school teachers. There did seern to be an increase irf courses, dealing 
with the structure of , the - real number systerp, but the geometiy and 
algebra recommendations were generally not achieved. That there was 
improvement in the number of course offerings is indicated by the 
results of a follow-up study by CUPM in 1966, Two results are shown 
in Figure 1 (Recommend(itipm\ 1971, p. 2). 



1962 1966 
22.7 8.1 



Percent of colleges requiring no mathematics of prospective 
elementary school teachers 

Percent of colleges requiring fivfe or more semester hours of 

mathematics of these students . 31.8 51.1 

Figure 1. Mathematics Requirement Changes 

As a result of ccmtinued study and discussion, as well as the 
significant, changes in school mathematics during the 1960s, and those 
changes that can be expected to take, place in the 1970\s, the^ CUPM 
published* a new set of recommendations in 1971 ( RecommencUitionSy 
1971). The new recommendations attempted to promote integration 
of course sequences and apphcation.s of mathematics. Some flavor of the 
recommendations may be gained from the following paragraph: 
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We propose that the timlitioiial subdivisions oi courses for prospective 
elenientar\' school teachers into arithmetic, algebra, and geoniehy be 
replaced by an integiated scMjuence of courses in which the essential inter- 
relations of mathematics, as well as its interactions with other fields, are 
emphasized. \\*(* recommend for all such students (prospective elementary 
teachers) a twelve semester-hour secjuenco that includes development of the 
following: number systems, algebra, geometry, probability, statistics, functions, 
mathematical svstems, and the role of deiluctive and inductive reasoning 
(p. 10). ' . ^ 

They reconunended two possible^ secjuen'.'es of courses, but sug- 
.gested there were niany wuns i)f organizing tlie content and encouraged 
experinientatiou and diversity. 

Reconunendations for tlu^ preparation of elementary scliool teaclicrs 
have also been pul)li.slied by the Cambridge Conference gi'oup (Goak 
for Mathematical Ediwation, 1967). In tbe-"C:aveat" to the report it is 
stated that it "is lioped tliat the report will inspire debate, controversy, 
-and experiment, and that from these will e\'entually emerge guidelines 
which can actually be used." The report contains t\v.o general proposals 
for (^lenuMitary teachers. One proposal is (juite closely associatc^l with 
the mathematics recpired to teach the K-G math curriculum proposed 
earher by the Cambridge group (Coafe for School Mathematics. 1963). 
The otlier proposal is aimed more at including mathematics that niav 
produce^ more {Positive teachers' attitudes and promote desirable intel- 
Ic^ctual characterikics in prospc^ctive elcMuentary school tcacliers. 

In .summary, \t seems that the need to upgrade tlie matliematical 
knowk^dge of eltMuentary school teachers is still present. A few studies 
(Bassham, 1962; Postlethwaite, 1971) furnish some evidence on the 
relationship b(*tween teaclier mathematics knowledge Iind student achieve- 
ment. Reconunendations for upgrading tlie preservice mathematics 
preparation of teachers (^xist. The challenge is in making tlu^ reconi- 
nieiulations a realitv. q 

Is thQ "professionar preparation of teachers of 
elementary school mathematics adequate? 

Whitc^head stated in his Ai///.v of Education (1929) that, "The art 
and seicmce of (nhieatioii recjuire a gtiiius and a studv of their own: 
and tlm gtmius and this science are more than a bare knowknlge of 
some branch of science or literature^*' (p. 6). The precedLng (juestiolT" 
was conccTiKcd with the niafhematical knowledge of elenieutarv school 
teachers. This qin^stion d(\ds with "professional" knowledge* of teachers. 
Wliat is meant by "professional" knowledge? 

Anderson (1957a) writes: 
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It is only as a teacher masters the discipline (s) which bears on his work, 
as, for example, a physician masters anatomy, that he can be considered to 
have professional education (p. 365). 

In .somewluit tlie .same \-ein. Melton ( 1959) writes: 

. . . education i.s to psyehologv* and the social sciences as engineering 
is to the physical .sciences and as ^medical practice-especially preventive 
niedicine~is to the biological .science.^' (p. 97). 

Glennon (1965) illustrates this intcrprcftation of mathematics edu- 
cation and the clisciplinc\s from which it draws as shown in Figure 2. 
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Figure 2. 



Glennoii" goes on tc^ate: 

. . . the mathematics teacher is not a psychologist as such; nor is he a 
philosopher as such, a historian, a sociologist, a cultural anthropologist, a 
-clinical psvcliologist, a pers()nality theorist, etc., as such. But he should have 
- some general competence in several of these basic disciplines. From these 
disciplines be must draw the principles which help him find an.swcrs to his 
two constant professional cinestions: What mathematics .slwitld I teach? and 
How .should I teach that mathematics to children of varying capacities and 
personality traits? (p. 1'36.). 

Callahan ( 1966) attempted to measure tlic "profcssionaV' knowledge 
and the "mathematicar knowledge of teachers in-training and in-ser\'ice. 
At all three levels-in-.service teachers, C'ollege seniors completing their 
work in elementary education, and freshmen who had hulicatod their 
desire to become elementary school teachers-the achievement was highef 
on the "nuithcnnatical knowledge" histrunient than on the "professional 
knowledge" instrument. Koeckeritz (1970) fomid there was a significant 
difference favoring in-servic(^ teachers and senior preservice elementary 
^ teaehers over freshmen on the professional knowledge instrument. The 
mean achievement on this section of the test did not exceed 35 percent by 
any of the different levels tested. 
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Years ago. Rol)inson (1936) coniparc'd teacluMs' knowledge of the 
fuiulainental priueiples of uridiaietie with dieit knowledge of mediods of 
teaching aritlunetie. He concluded Unit the professional courses in arith- 
metic in die professional schools for teachers had heen no more successful 
jn eliminating methodological difficulties than they had been in ehmi-^ 
nating subject mattej: diffi(niltics. There is some evidence that Uiere nuiy 
have been more concern and progi-ess on the stibject matter than on the 
professional knowledge in subsecjuent years. 

c- . 

How effective is in-servtce education? 

vSarason and Sarason (1969) have stated some impressions of the 
importance of die teacher in any attempt at curriculum change in the 
'schools. In regard to a school systems change to a "modern math" 
curriculum they observed: 

... 2. It was clear fronv the beginning that the first objects of change 
would coueeni the classroom teachers who were uiininially, if at nil, partici- 
pating iu any of die decision-making. There seemed to be no recogm'tion 
that the teachers would be faced not only with a problem in leaniing but in 
iiuleaming as well, with all its attendant consccjuences. 

3. Perhaps the most distinct impres.sion wc received was that the 
problem of changing the math currieulimi was viewed as a relativelv simple 
one in the .sense 'that onee the administrative details could be Worked 
through-once the "system" could get the teachers into the learning situation— 
the process of change would present no particular problem. That some teachers 
wouki not look enthusiastically at the new madi, that sonie teachers did not 
want to devote non school time to learning and nnleann'ng, that the amount 
of time it vvajj^ expected to take teachers to understand the new math was on 
the brief side . . . these and odier possibilities were not considered in .such 
a way that the cnmplexity of the process would become apparent (p. 92). 

They go on to observe: 

. . . chanj^ing curricula widiout changing styles of dilnking and teaching 
is the hallmark of the difh-rence between change and imiovation (p. 93). 

Given the iitiportance of effecting change in teachers, what does 
research indicate about in-service education of teachers in mathematics? 
Houston and De Vault ( 1963) were interested in three questions rcgardnig 
in-scryicc W()rk in clemi'ntary school mathematics: 

1, Docs the in-servi;;e education program increase the teachero' and 
their pupils' mulerstanding of mathematical concepts? 

2 What was the relationship between the teachers' initial level of 
understa^uling prior to the in-ser\'iee education program and the'vpupils' increase 
in achievement? ^ ^ 



\ 



STUDIES CONCERNING THE LEARNING ENVIRONMENl 105 

3. What was the relationship l)et\veen the teachers' increase in aehieve- 

n\erit and the pupils* increase in aehieverneiit? 

They conchided from their study diat: (a) the in-service education 
program was effective in increasing mathematics achievement bodi for 
pupils and for tei\chers; (h) diere was a negligil)h' relationship between 
the teachers' initial mathematical achievement prior to die in-service 
education program and the pupils' growdi in madiematical achievement 
during the progi'am; and (c) growth in understanding of die madie- 
matical concepts of the in-service program was related to pupils' growth 
,in understanding of those mathematical concepts specifically developed* 
in the in-service program. , ' . 

Ruddell and Brov/n (1964) evaluated dirce approaches to in-service 

* work with teachers. One approach was a "one shot" affair in which the 
consultant spent a full dav widi teachers before the beginning of classes 
in Septetnber. Another approach spread 10 in-service sessions over the 
year, each session lasting about half a day. Sessions included a general 
meeting plus two demonstration classes. Each participant observed about 
one-half of the tlemonstration classes. A diird procedure made use of 
"intermediaries." A person from a given school and grade level was 
chosen to attend die in-service sessions, which included die general session 
and demonstrations. The participant then reported back to die teachers 
in their schools. 

Student gains on achievement were measured over 'a year's time. 
It was found, that in grades 3, 4, 5, and 6, significant differences between 
mean eains werc^ shown at (^ver\- level, and in each instance it favored 
die second group ( the group of teachers wlu)se in-service sessions were 
spread over the year-10 half-days). The researchers concluded that 
some t\ pe of direct contact between consultant and teacher is necessary 
to bring about change in teachers' madiematical knowledge and under- 
standing. Furthermore, teachin-s' knowledge and understanding can be 
changed just as much from an intense ''one shot" program as from a 
slowlv pac(Hl, long-range program, but diis change is not reflected in 
the children s achievement/ 

Greahell (1969) compared effectiveness of a "systematic modern;' 
a 'crash modern," and a "traditioiiar' approach to implementing a mathe- 
matics program in i4enientary school mathematics. He conchided that 
the "svstematie modenr seemed most beneficial tov students. This 
approach was eliaraeteri/.ed as one in which: 

-L The sehool distwet systiniuitically studied the various programs 
. (math) and seleitt'd one to fit its needs 

2. The district has had an in-service program to prepare the teaehers, 
administrators, and parents for transition - 
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3. Tlie district staff is continually evaluating tlicir results with the goal 
of improving instruction. 

Organizationally, Sherrill (1971) found that ux - g'ven school 
sy stem the elc^mentary teachers': 

1. Preferred in-service over summer courses 

2. Preferred an integration of math content and method, with about 
a 50-50 distributiou of emphasis 

3. PrefeiTed joint planning by school personnel and university personnel 

4. Preferred organization across schools in the system, ])ut by grade- 
level groupings. 

Other studies 4JIancl, 1967; Ilunkler, 1971b) have suggested that 
such variables as typt* of instructor for the in-sei*vice course and duration 
of the participation by teachers may also have an effect on achievement 
of students and teachers. 

In sununary, it .seems fair to sav that mid-career education of 
teachers is crucial if cliapge in education is to be achieved. Such organi- 
zational variabl(\s as cooperative planning, grade-level classes for teachers, 
duration of the program, and type of instructor may affect the results 
of the program. It would seem important to* keep in mind that the 
coniplexity oh educational change- inchiding teacher change, is often 
underestimated. 

"Teaching Centers"— What is the promise and potential? 

Little rc^sc^arch is available at this time as evidence on the efficacv 
of teaching centers in the United States. However, as suggested by 
Schmieder and Yarger (1974), 'The teaching center is one of the 
hottest educational concepts on the scenc^ today" (p 5). 

Bailey (1971) describes the centers as follows: 

Teac-hers' centers are just what the term implies: local physical facilities 
and selt-inipro\ emcnt programs organized and run by the teachers themselves 
for puKposos of upgrading o(hicational performance. Their primary function 
is to make possible a review of existing curricula and other educational prac- 
tices by groups of teachers and to cncoi'rage teacher attempts to bring "about 
elianges (p. 146). 

Th(^ appeal of the idea of the teaching center grows out of its 
attempt to deal with some (ju(\stions that have confronted teacher 
educators for \'ears. These questions include: 

1. IIow can sersice and in-ser\ic(^ educational personnel development 
be successfully linked? 
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2. How can cinTicaluin dcvt'lopnuMU iiiul staff (lc\(»l()puuMit be viivv- 
t\\v\y integrated? 

3. How can geuorally iniconnuiiiiicativc ('(liicatioiial coustitiioiicios 
(studtMUs, teachers, administrators, snpevvisors, eolk^^e and university staff, 
comuinnity interests ) l)est share experiences ami resDurers? 

4. How can ecKieational persoiuiel be continually renewed in their 
ability and vigors? ( Schmieder and Yarger, 1974, p. 5). 

The tcaclnng center idea is a rehitively recent development in 
Great Britain. The related growth of the idea in the United Stales can 
probably he traced to our general interest in some of the educational 
movements in Great Britain. Eddy (1974) has indicated that approxi- 
mately 650 centers are now in existence in Britain. A recent survey 
suggest that teaching centers are growing rapidly in this country ( Joyce 
and Weil, 1973). GoIIins (1974) has compiled sonic interestuig case 
studies of existuig teaching centers in the United States. 

The professional t(\icher would do well to stud)' the literature on 
the emerging concept of "Teaching Centers." An annotated bibliography 
of some sources is preseutetl by Poliakoff (1974) in a recent publication 
devoted to the con.sideration of Teaching Centers. The concept seems 
to be an exhilarating one for the classroom teacher. But Pilcher (1973) 
has pohited to some n^alistic political and educational problems involved 
hi trving to implant the British model hito the U.S. educatimnd system. 
An enlightened awareness of tlu^ political dimensions of educational 
power adjustments inherent in the "center' concept may givi^ this 
potentially good idea a fighting chance^ to survive. 

What are some guidelities for determining performance criteria 
in the professional preparation of math teachers? 

There. has been considerable rethhiking going on over the past 
vears hi r(>gar(l to teacher certification. Many states are moxing toward 
some f(mn of ccnnpetency-based teacher echication (CBTK ). With such 
a systtMU, iudividuids desiring to teaeli children in the public schools 
would be judged on the basis of performance, not on ih-grees held or 
number of eonrses taken. It is beyond the scope of this monograph to 
(•xainin(> all the facets of CBTK. A perusal of the report of the Committee 
on National Program Priorities in T(\ieher Hdueation. chaired by Uosner 
(1972), would give a good initial insight into the various aspects of 
CBTE. 

The Commission on Pnvservice Ivhicaticni of Teachers of Mathe- 
matics of the National C()inicil of Teachers of Mathematics has recently 
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developed Guidelines for the Preparation of Teachers of ytatlwmatics 
(1973a). Guidelines witTdesigned for tlie ii.se of iiulividiuiLs in planning 
teaeher edueation prograni.s at the eoll(»ge and iniiver.sit\* levels and to 
provide eriteria for use by aeereditation ageneicvs in (evaluating t(»aeher 
edueation programs. Guidelines is intended to enipliasize program design 
radier than the eompeteneies of speeifie individuals niatrienlating through 
a progi'am. A reeeut publieation ("Guidelines." 19731)) presents an over- 
view of the eontent of the 32-page Guidelines pamphlet. 

Guidelines is divided into three sub.seetions eorre.vponding to (a) 
the aeadeuiie and professional kno\vl(»dge a prospeetive teaeher .should 
possess, 05)'the professional eompeteneies and attitudes a prospeetive 
teaeher should exhibit, and (e) the responsibilities of the institution 
piovidiug the teaeher edueation programs. The first two seetions are 
written iu a st\le eonsistent with or suggestive of eompetene\ -based 
programs. 

The first section, describing the aeadeuiie and professional knowl- 
edge, e{)utains subseeti{)ns eoneerning not only mathematics but also the 
philo.sopbK al, historical, psychological, and sociological foundations of 
echieation. Th(» eornpc»t{»neies advocate that each teacher know more 
matheuiaties than hv is n'(juirt»d to teach and redect a belief iu the 
significance of th(» applied and eultiu-al aspects of mathematics. 

The seeond- scvetion eonc(»rns tlu* knowledge and attitudes a pro- 
speetive teaelu»r should demonstrate* w bile working with lc»aruers under 
supervision. The section includes guicleliues conc(Mning items such as 
connnunicati()n in tin* classroom, currieular and instructional planning, 
diagnosis, and evaluation. 

The final s(»ction of thv guideline's concerns institutional responsi- 
bilities. These are d(»tail(»(l in t(»nus of characteristics of staff, program, 
and r(\soure(»s wliich would facilitate students' accjuisition of the eom- 
peteneies deserib(»(l in the first two S(»etious. 

The niovenu»ut towanV eompeteney-bas(»(l teacher preparation has 
not been (»mbrac(»d by all mathematics (»(lucators. Rising (1973) has 
e\pres*sed his concern nhnuf performance* criteria for tlu preparation, 
certification, and evaluation of teachers. It would se(»m that if this 
movement "is to sueeec^d in upgrading flu* professional preparation of 
t(»a(;hers, th(» key will he in tlu* wisdom (»(lueators us(» in interpreting and 
impl(»nieuting criteria judged (l(«sirable. If professional pn^pavation b(»- 
eouH»s a dehumani/ed enslavement to lists of p(»rf()rmauc(» erit(»ria. failure 
to upgrad(» prof(»ssi()ual preparation seems assured. 



Part Four 



Studies Concerned with 
Teaching Method 



What are the main sources of the teacher's methods? 

The mathematics "revolution" of the late IQSffs and 1960's is usually 
perceived as being solely concerned with improving what mathematics 
should be taught. To this end, the writers of the monogi-aph discussed 
the main sources of the curriculum as the first question in Part One. 

At least of equal importance in the "revolution" was and still is 
the question: "What arti the main sources (theories) of the teachers 
methods?" Whereas the cjuestion of curriculiun content is fairly easy to 
comprehend and debate, the question of method— "//o it' should I teach?"— 
is less well understood, and hence progress is less well recognized and 
agreed upon. 

But the problem of how one should teach is not a new one. Plato 
clearly illustrates the . method used by his teacher, Socrates, in the dia- 
logues with his friends. In these teaching situations Socrates uses a form 
of teaching through telling— in which the telling is done in the form of 
(juestions, It was his great skill in this style of teaching which caused 
Socrates to believe and teach, incorrectly, that people are born with all 
knowledge. It was the task of the teacher, he reasoned, to cause the 
child or adult to recall or call forth this knowledge when questioned by 
the teacher. / 

In our centurv', the roots of the question of method in the teaching 
of elementarv and middle school mathematics w^re clearly l^ind brilliantly 
identified long before the math revohition, in the now classic treatise by 
Wilham A. Browmell (1935). He identified imd described three theories 

1Q9 

ERIC 



110 ELEMENTARY SCHOOL MATHEMATICS: A GUIDE TO CURRENT RESEARCH 

of arithinotic, oach o{ which involvos both content and method— a7j^f to 
teach and how to teach. Browncll named these as tlie drill theory, the 
incidental -learning tlu»ory, and the meaning theory. This hicid exposition 
of the rationale for each theory and pow^Tfnl dc^fense for the mc^ming 
theory founid a ready andience which changed the teaching of arithmetic 
(hiring the late 1936s, 194()s, and 1950\s and fathered the psychologv' of 
the new method of the late HJoO's and 196()*s to a gi'cater extent than most 
of the "r(* formers** may ever know. 

Ikit the ineth()d of the new nutth can be .studied as methods per se, 
Here we discnss three* major sonrces of the teachers method. The first 
of these is id(Mitific*d by such terms as telling, bv expository methods, by 
didactics, by lecturing. The role of the teacher is perceived as a process 
of pouring (content) nito an empty vessel (the learner), somewhat 
similar to philo.sopher John Locker's tabula rasa, or blank state, concept 
of tlu\ rol(» of die mind in the teaching-learning process. 

Kesearcli studies of the verbal interaction between teacher and 
child and amcm^^^hildren hi the* madieiiiatrcs cla.ss clearly Jiidicate that 
"telling," whether by the spokeu word or by the printed word, is by far 
the dominant method. Despite* the* fact that mo.st of what teachers them- 
selves know was learned from bcnng told, orally or in printed form, 
"telling" has received more than a few brickbats chiring the years of the 
new math revolution. However, C^arroll ( 196tS) has provided ns with a 
strong defense of learning from being told and sums up his position: 

Despite its relative* n(»gleet in educational psycho) ogv*, leaniing from 
l)eing told has a i^loricms past. Its future may ])e even more glorious* if wc 
will take the troul>l'» ti> examine it with the attention we have paid to other- 
less inter , ling— w*^ys of learning (p. 10). 

The second major source of the teachers method is identified by 
such terms as discovcTy, guided discovery, heuristics, incjuiry, and 
hypothetico-(leductiv(\ This method became associated with the new 
uiath as the method-arm (^f the r(»\'olution. Presumably, the* new math 
should and could only be taught' well through some form of discover)^- 
oriented teaching. 

Then, too, it must be kept in mind that the* new method of the 
new math had a double* purpose. Obviously, one objcx'tive was the 
epgnitivc* prochict— that of l(»arning niathematics as mathematics. The 
other objective was that of having children learn cognitive proc(\ss— such 
as that of leaniing to think the way niathematicians think. There the 
emphasis is oti the strategies of thinking matliematically--tlie heuristics of 
discovery. 

Bniner ( 1961 ) identified four benefits that might be derived from 
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the experience of learning thtftugh the discoveries that one makes for 
onest4f: (a) an increase in intellectual potency, (b) a shift from extrinsic 
to hitrin!>ic rewards, (c) learning the heuristics of discovering, and (d) 
an aid to conserve memory. 

While accepting the ideas and values of a teaching method that is 
discovery-oriented, Friedlander (1965), correctly, discussed the danger 
that these very important kleas. about teaching and learning "might lose 
their potency due to overshnplificfttion, misunderstanding, empt\' ritual- 
istic application, and' the frustrated disappointment among both teachers 
and students that would be sure to follow" (p. 36). ^ 

Mv tnie conclusion is^ that the factor of judgnient is crucial. Whm we 
TCQO'^iVy/v the complications of the teaching and learning process, with all its 
der; ' balances between freedom and discipline, between imagination and 
cntKiue, between fact and concept, and between memoiy and forgetting, 
it hardly seems likely that any one method, or formula can fit all cases. Only 
the wise intervention of the teacher's judgment can hold these shifting stresses 
in equilibrium (p. 36). * 

The third major .^(>urce of the teachers method may be identified 
as psychotherapy. Whereas in the tvvo major methods previously dis- 
cussed-teaching as telling and teaching as guided discovery— the em- 
phasis is on. the mathematics (product and/c)K£rocess), die emphasis Jn 
teaching, as psychotherapy is on the phenomenaTself. \Vhereas in the 
first two majt)r sources of m6th«^ the emphasis is pn cognition, in the 
third the emphasis is on affect. And whereas' th0 former are teacher 
centered, the latter is learner centered. ' 

Psvchotherapy^'as a method is not new and, of course, is no't a parallel 
development, of the math revphitiou; Its origins go back in this century 
to the first decade 'and the start ^of the mental hygiene movement, with 
the publication of Clifford Beers'^ book The Mind 'TMt Found Itself 
(1908).' 

fivmcmck (1919) discussed Ac similarities of and differences be- 
tween education and psych othc^rapy. Among the similarities he listed: 

o 1. Bodi teachers and therapists khoukl treat children as individuals 
with potentialities for progressively taking' over direction of themselves. 

2. Both teachers and therapists- are counseled to accept the child as he 
is-no matter hf)W stupid, lazy, dirty, resistive, or disorderly. 

3. Both teachers and therapists havv a responsibility to understand the 
child fp. 7). 

An)ong the differences, Symonds listed: • 

1. A teacher is principally concerned with the world nf reality and his 
^ task is to help children to become efFective in the real world. A therapist, on 
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the other hand, according to Rogers, gives his attention primarily to the 
feelings expressed by a child, 

2. A teacher feels and expresses love, but avoids hate; a therapist 
does not express either love or hate. 

3. The teacher stimulates, enccun-ages, directs, guides. The therapist, 
on the other hand, consistently avoids using any influence in the form of 
suggestion, advice, or encouragement (p. 10). 

The leading contemporary exponent of the role of therapeutic , 
method.^ in facilitating learning is the distinguished and many-tinies- 
lionored psychologi.st Carl R. Rogers. According to Rogers (1969), the 
central issue of methods is to set students free for self-initiated, self- 
reliant learning. 

From a lifelong study, he identifies principles which v/i\\ support 
this approach to learning. Among these are: 

' 1. Human beings have a natural potentiality for learning. 

2. Significant learning takes place when the subject^ matter is perceived 
by the student as having relevance for his own purposes'^ 

3. Learning is facilitated when the student participates responsibly in 
the learning process. 

4. Self-initiated learning which involves the whole person of the 
learner— feelings as well as intellect— is the most lasting and pervasive (p. 157). 

While Carl Rogers is the leading theoretician of psychotherapeutic 
principles, the leading practitioner in applying the theor\' in school 
situations is (the late) A. S. Neill. In his major work, Srimmerhill: A 
Radical Approach iv Child Rearing (1960), Neill expresses the 'belief 
that whether a school has or has not a special method for teaching long 
division is of no significance. The child who xvants to learn long division 
will learn it no -matter hoxc it is taught. 

, Clearly, to Neill and other extremists, method is a function of self- 
initiated, self-purposing behavior on the part of the learner. 

We have summarized here, all too briefly perhaps, the three major 
sources of the teachers method: teaching as teHing, teaching as some 

Teaching Teaching 

as \ / as 

telling \ / discovery 




"Teaching" 
■ as 

psychotherapy 
Figure 1. Methods of Teaching 
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form of discovery, and "teaching ' as psychotherapy. We can now repre- 
sent these three in the triangular-shaped model of Figure 1. 

This model represents the mete's and bounds of the ball park in 
which the game of teaching methodolog)' is played— wliether the subject 
matter is mathematics, spelling, .social studies, or whatever. 

Maintaining a reasonable balance among all three extremist posi- 
tions by drawing upon each in appropriate amounts for appropriate 
children and appropriate kinds of learning is the high. art and science 
of the teaching-learning act. 

Whai does the research on discovery learning suggest? 

Discovery learning in elementary school mathematics continues 
as an object of inquiry for educati6nal- practiti^oners and researchers. 
Experimental research has not made a great contribution to enlighten- 
ment regarding the contributions of learning by discovery, but has given 
additional insight into the complexity of the teaching/ learning process. 
Wittrock (1966) has analyzed the discovery issue and focused on. some 
of the independent, dependent, and intervening variables that must be 
recognized and accounted for in experimental research on discovery 
learning. This analysis gives some in*;ight into the complexity of experi- 
mental research on discovery learning. Yet the complexity suggested is 
probably a conservative description, for as suggested by IIawkins,( 1966), 
"surely all such systems are gross and stilted when compared to the 
human child" (p. 12). 

What would be desirable for the classroom tc-acher is some evidence 
that would suggest conditions uijider which limited instmctional guidance 
would make the greatest contribution to facilitating student learning, 
and under what conditions maximum instructional guidance makes the 
greatest contribution. Cronbach's (1966) statement that there is precious . 
little sulxstantiated knowledge about what advantages diseovery proce- 
dures offer, and under what conditions these adyantages accrue, luinains 
accurate. • 

One of the most extensive .studies of the effe>cts of discovery teaching 
was carried out by Worthen (1968). A total of 538 fifth and sixth grade 
students participated in the study. Initial learning, retention, and transfer 
were measured with tests of concepUuil knowledge, heuristic ability, and 
attitude. 

The data suggested that the expositor)' treatment was superior in 
producing initial achievement. The discovery *ti-eatment seemed to be 
superior in producing results on the retention and transfer .tests. This 
-was true on concept tests as welllas the hanristic process used in the 
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criterion transfer proc€*diire. There appeared to be no differences in . 
attitudes as a result of the two procedures. A subsequent reanalysis of 
the data (Woithen and Collins, 1971) using classes as the experimental 
units* rather than individual .students resulted 'in some changes in the 
initial conclusions. 

Olander and Robertson (1973) studied the effect of discovery and 
^expository methods of teaching fourth grade students. The experiment 
continued for 31 weeks and involved 374 students. Results were judged 
on the bases of performance on the Stanford Achievement Test and a 
t*.-!*" of Mathuniulical Principles anrl Rclatioiislnps; 

The data suggested that pupils experiencing the expository treat- 
meOit were better in computation on both, the post-test and retention test. 
Those exp€»jriencing the discovery treatment seemed to have better 
attained the abilitv* to apply niatheniiltical knowledge. Scores on the 
Principles and Relationships test suggested no 'difference between the 
two treatments. 

In a further statistical e>^amination of interaction effect, the data 
suggested the following: ^ 

1. Pupils scoring in the unver part uf Ihe range on the Computation 
pretest improved more when taught by the expository procedure;, pupils 
scoring higher improved rn^ne under the discovery technique. 

2. Pupils scoring lower on the Concepts pretest benefited more from 
the discovery approach; those scoring higher profited more under the exposi^ory 
approach. 

3. Pupils scoring lower on the Applications pretest improved more from 
the expository technique; those scoring higher profited more when taught by 
the discovery technique. 

4. On the Principlejj. and Relationships test, pupils instructed under dis- 
covery fechni(iues started off better than those taught the expository approach, 
and they continued to improve at a greater ratio (p. 43) . 

Bassler, Hill, Ingle, and Sparks ( 1971 ) used programmed materials 
in studying the effect of intermediate instructional guidanct^ anci maximum 
in^friictioiial guidance in learning mathematical topics at the fourth, 
sixth, and eighth grade levels. No differences were found between the 
maximum and intern^iediate guidance groups. One procedural problem 
with the study was the apparent lack of interest (^f participants in using 
programnied materials aft^^r the first fcw days of the experiment. , 

Richards and Bolton (1971) studied 265 children in their final year 
at three junior schools. Subjects were matched on social class, intelligence, 
and time devoted, to mathcfnatics teaching. The major difference l^etween 
schools was in mathematical, instruction procedures; one used discovery 
methods, one used traditional methods, one used a balanced procedure. 
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Results suggested that on criterion 'measures of "nieclianicar -and 
problem" arithmetic tasks, children taught by discover)' methods were 
significantly lower in performance than those taught by traditional or 
balanced methods. On a test of di\'ergent tliinking abilitv' the discovery 
and balanced methods were superior to tli(> traditional gi'Oup. 

Callows (1967) stxidy suggested that stiidents need consohdation 
opportunities to enhance retention and transfer of mathematical concepts 
learned through a guided discoveiy technique. There was also an indi- 
cation that certain personahty factors may influence ability to learn from 
:yiiided discovery procedun^s. Sowder*s, (1974) study did not support 
Hendrix s ( 1947) hypothesis that verbalizing a generahzation immediately 
after disco\'ery niav decrease its triuisfer power. . . 

It seems that the classroom teacher must mix a great deal of common 
sense with the experinic'iital findings m making decisions on the use 
of discover\' learning in elementary school mathematics instruction. 
Jones (1970) places the matter in this perspective: 

The precise definition of discoveiy-teaching processes. presents a difficulty 
in the design of expeiiments to test the value of discovery teaching. However, 
the most important question is not whether these processes should be called 
*'discover\' teaching," but whether these processes are "good teaching." ... I 
believe . . . disccivery teaching can be used in some form to teach practically 
eveiy topic at practically every level of instruction, but that^ these procedures 
should, of course, be used as they are appropriate, with imagination, and in 
eonjunction with other , ways of teaching. Too often the impression is given 

* that discovery teaching is a fine idea, but not fea.sible, and also that discoveiy 
teaehing is going on only when there is some sort of induction or some sort 
of elaborate physical ecjuipment and experimentation, I think the techniques 
for discovery teaehing are multiple, varied, and broad, and that discovery 

. .should not be linked solely with induction or measurement, or field-work. 
Most of all the concern ir. for good mathematics in a classroom where both 
teacKersand students are cxeited about learning and about pedagogy (p. 508). 

How /s mathematics learning motivated? 

Skenip (1971) has pointed out that questions about motives i\re 
usually, in disguise, questions about needs. Mathematics is needed as 
a tool in science, technology, coininerce, and for entry into various pro- 
fessions. These are often too remote to be apphc;;: e in the early school 
' yeai:s. In the classroom, short-term motivations are hkcly to be effective, 
such as the desire to please the teacher, and the fear of displeasing her 
or him. However, these kihds of motivation are extrinsic to mathematics 
itself. From an intrinsic point of view Skenip points out the need for 
mental activity. Mathematics is a speciahzcd forni of inteUigent activity. 
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The onjoymont froiri such activity scr\*cs the growth needs and is experi- 
enced as intrinsic in the activity itself. 

Sears and Hilgard (1964) discuss three types of motives that may 
be considertnl: social motives, ego-integi*ative motives, and cognitive 
motives. 

Social motive.s have to do with one s relationships with other people. 
Some teachers may be motivating forces for their students. Amidon and 
Flanders (1961) fouud that dependent-prone students learned more 
geometry in the classroom in which the teacher gave fewer directions, 
less criticism, less lecturing, more praise, and asked more questions than 
with the teacher using a highly dirc»et, lecture .method which did not 
allow for a great deal of participation. Wright, Muriel, and Proctor ( 1961) 
classified the content of what teachers of mathematics say to their pupils 
as promoting (a) ability to think, (b) appreciation of mathematics, and 
(c) curiosity and initiative. Peer-related motives may also play an 
important role. In a study cited within another context (Haskell, 1964), 
there appeared to be increased achievement when students were grouped 
according to their choice of peeis in the group. 

Ego-integrative motives can be exemplified by what McClelland 
(1953) termed "achievtnnent motivation," The concept of achievement 
motivation reft*rs to tlie need of an individual to perform according 
to a high standard of excellence. Atkinson (1965) hypothesized that 
ability grouping should enhance interest and performance when the 
achievement motive is sb'ong and anxiety weak. But ability gi'ouping 
should heighten the tendency to avoid failure when that motive (anxiety) 
is dominant in a person. The same treatment (ability giouping) should, 
in other words, hiivc diametrically opposite motivational effects depending 
upon the personality of the students. He found that students who were 
strong in need achievement relative to test anxiety showed evidence of 
greater learning and stronger .interest in ability- grouped classes than in 
control classes, irrespective of the level of intelligence. Students low in 
need achievement relative to test anxiet)^ showed a decrement in interest 
and satisfaction l)ut no signifieant charge in scholastic performance. 
J win (1965) concluded from his survey of the research that achievement 
motivuition, as a unitary factor, is not strikingly related to academic perfor- 
mance. 

C'oguitive motivation refers to liiotives .residing in the task itself 
rather than external to it. Bruner (1960) suggested that ^'motives for 
learning must be kept from going pas.sive in an age of spectatorship, 
they must be based as nuieh as possible upon the arousal of interest in 
what there is to be learnetl, and thev must be kept broad and diverse in 
expression" (p. 80). Benistein (1964) wrote of two modes of. arousal 
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of interest in mathematics when he pointed out that the student who is 
intrigued by number stnietnre and the student who is intrigued by the 
use of mathematics in the study of the stock market are experiencing 
two different kinds of motivational patterns. While it is true that the 
same individual may experience both of these, it is possible that one 
student's meat may be another student's poison in this type of situation. 

Holton (1964) investigated the relative effectiveness of four types 
of instructional motivational vehicles on the achievement of a mathe- 
matical ta.sk using general mathematics students. The task was couched 
in four motiv.atir.nal vehicles? (a) autoinobiks (b) farming, (c) social 
Utility, and (d) intellectual curiosity. Kuder preference tests were given 
to ascertain interests of the subject's. Significant differences were fouiid 
between subjects whose program was related to their indicated interest 
preference and those whose program was not .so related, with the former 
being more effective in regard to achievement and rj:*tention. 

Slavinas ( 1957) work in tile Soviet Union ppitits up the effectiveness 
■of cognitive motivation, but also the restrictions on effectiveness of any 
type of motivational approach. In his work with seven-^ and eight-year- 
olds he found many who exhibited "intellectual passivity." Didcictic games 
involving number calculations were introduced with the object of trans- 
forming the subjects' motivation. In the description he v/rites: 

When problems that could not be correctly solved by ordinary means 
were solved in play, the subject's negative emotions toward mental work began 
to be replaced by p().sitive emotions and a lively cognitive activity. Initially, 
however, this new intellectual activity, and the resultant .successful solution 
of the arithmetical problems, were confined to the particular play situation 
and not transferred to school ta.sks. But by the fifth and sixth day a significant 
improvement in this direction was noted, indicating that the new cognitive, 
prol)leni-.solving activity, stimulated at first by play, quickly became permanent 
and was engendered in other than play situations. Nevertheless when an 
attempt was made to encourage the .subjects to use only the more abstract 
methods of calculation, calling for greater intellectual activity, this was not 
successful. It was found the subjects lacked the number .skills essential to an 
understanding of addition and subtraction (p. 205). 

^ The dc^srooin teacher can be quite sure that the unique needs of 
indivichial students have an important impact on motivation to learn 
mathematics. Accordingly, such factors as die teachci, the teachers 
methods, peer influences, and the nature of the mathematics itself will 
affect motivation to learn. The teacher should also be aware of the 
reciuLsite skills nec(»ssary for a particular new learning, for without these 
it would appear that even the highly motivated student will l)e frus- 
trated. 



129 



118 ELEMENTARY SCHOOL MATHEMATICS: A GUIDE TO CURRENT RESEARCH 



What are some considerations in choosing physical (concrete) 
models in elementary mathematics instruttion? 

Suzzallo (1911) coinuieiited that the use of objects in giving ii con- 
crete basis for abstract arithmetic .concepts and for nienioriter nianipula- 
Jons seems to have gained its initial hold on the schools through the 
introduction of Pestalozzian methods of teaching abo,ut the beginning 
of the 19th century. One hundred sevent\'-five years later, as Revs (1971) 
points out, "Classroom teachers of mathematics are witnessing an unprece- 
dented period of proliferation in manipulative materials'* (p. 531). 

Although use of objects" in teaching arithmetic predated the emer- 
gence .of thcvi discipline of psycholog)', the modern psychological move- 
ment has given the procedure a scientific sanption and some insight into 
their effective uses. Reys ( 1971) suggested that the following .statements, 
subscribed to by most learning psychologists, form the basic foundation 
underlying the rationale for using manipulative materials in learning 
mathematics. 

1. Concept formation is the essence of learning mathematics. 

2. Learning is based on experience. 

3. Sensory learning is the foundation of all experience and thus the 
heart of leaniing. 

4. Leaniing is a growth process and is developmental in nature. 

5. Learning is characterized by distinct, developmental stages. 

6. Learning is enhanced by motivation. 

7. Learning proceeds from the concrete to the abstract. 

8. Learning requires active participation by the learner. . 

9. Formulation of a mathematical abstraction is a long process. 

Williams (1963) has examined some of the issues involved with 
use of concrete analogies in school mathematics. One issue involves the 
"structuvar* vs. "environmental" position. The ^'environmentalist" sug- 
gests uuit anthmetic should be taught' in a "real life" context, using 
shopping situations and other models that are used in everyday activities. 
The "structuralist" argues that math materials shoidd be specially devised 
to precisely model the mathematical system being studied. 

Another issue of concern to teachers is whether to use more than 
one model. Dienes ( 19701) ) has spoken out in favor of multiple embodi- 
ments for purposes of abstracting a mathematical understanding. He Im 
hypothesized that in mathematical learning, abstraction will be more 
likely to take place if a nudtiple embodiment of a mathematical idea is 
provided, rather than a single embodiment such as Cuisenaire rods by 
theniseb/es. On the other hand, as Williams (1963) points out, when 
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different parts of the nuithernatical system arc represented by different 
kinds of devices,. there is a danger that the child will not interrelate these 
parts. Also, the generality of what is *to be learned first should be 
weighed against the possible disadvantag(\s of increasing the complexity 
of the infqnnation to be absorbed^ 

Tlie issue of when real models should be used has also been a 
concern to teachers. There is general agreement on the need for objective 
models in the primary grades. The general pedagogical tendency seems 
to be toward less use of concrete models as students increase in age. 
Stage theories of conceptual development (such as Piaget discussed in an 
earlier section) generally suggest early dominance of intuitive, sense- 
influenced learning; then lessening of such influences with increasing 
internal cognitive and more reflective processes. At the turn of the present 
century, Suzzallo (1911) pointed out that current practice- does not 
proceed far beyond the application of the simple, and somewhat crude, 
psychological statement that the youngest children must have much 
objective teaching, the older less, the oldest least of nil. He said at, the 
time that lack of a more n^fined analysis of the worth of object teaching 
necessarily leads to some neglect and waste. By the latter he meant that 
often primary teachers may spend a grc^at deal of time with objects after 
students have already conceptualized an idea and therebv perhaps waste 
time; at later staged objects that may in fact facilitate leanning are 
neglected because the assumption is made- that older students no longer 
need the concrete displays. 

In regard to' thejattt-r point, Skemp (1971) writes. 

But it may well he the case that we all have to go, perhaps more 
rapidlv than the growing child, through similar stages in each new topic which 
we eiicounter-that the mode of thinking available is partly a function of the 
degree to'whieh the concepts have been developed in die priiiiarv system. 
One can hardly he expected to re^fleet on concepts which ha\'e not yet been 
formed, howevpr well-developed ones inflective system. So the '*intuitive- 
hefore-refleetive'' order may he partially true for each new field of mathe- 
matical study (p. 66). ^ 

In choosing and using physical models in math, the concerned 
teacher should be aware of the issues in their use. It may be that 
"structural" materials are most appropriately used in the development 
of concepts; * environmental" materials may work with applications of 
those concepts. S )me children may increase their depth and breadth of 
understanding through multiple embodiments in the teaching process; 
other chikUen may be confused by such procedures and learn more 
effectively through a linear application of a single model. Teachers must 
also take care in not using models just for the sake of using models at the 



131 



120 ELEMENTARY SCHOOL MATHE*4AT1CS: A GUIDE TO CURRENT RESEARCH 




03 " 

75 
c 
o 



T3 

- C 

cd 



3 

o 



o 
LU 



ca 

GL 

E 
o 
O 



^ CO 



£ 
o 

CO 

"o 

£ 
£ 

CO 

CM* 
03 

□> 



CO 

o 

11 

CO 



03 



■D C 

03 

C D) 
03 CTJ 

25: 



£ c . 
25 w o c 

o .2 -5 « 
•J= '-g 2 o c 

03 4-> ^ 

£ o § 3 £' 



. 03 



ll 

(Q O 
03 

CO 

wt 

03 03 
C « 



O CO t 

c — -2 

O CI 3 

Bra o>^ 
8l5ra«o 

c p C-o Q. 
o g o c — 

CO £^-^ > 



03 ^ 
*Q 03 
(0 ^ 
»^ <D 



0 



03 C 
03 O 

"2 Hi: o 

^ o c o 
CO ca CO u 



03 J)£ 

c o 



ERLC 



132 



STUDIES CONCERNED WITH TEACHING METHOD 



121 



•O 

§ g w 

■OS a 

< CO CO 



2 
of 



:>5 

Q 5 



CO "O 

c o 
^ o E 

^ ^5 

£■ 

o 

(D -a -a 
£ c o 

2: (0 Q. 



O I- 

•iS i D> 



■o 

O 

E 
I 

Q) 
O 

o 
c 
o 
O 



■o 

0) 



< o 



(0 CO 



o 

CO 

o 
> 

CO 
CO o 

2 E 



S2 

0) 

II 

Q 5 



o 

52 c w Q) > 

C Q) Q) C 

S P o Q> 

® n o o ^ 
Z m o (0 



■o 




0) 


! 3 


o 


! " 




} oi: 


II 


i £ 2 


3 o 


i 3 o 


< o 


< o 



o6 

lis 



2 « 

CO £ 3 5 2 
0) o 3 CO c 

Q) oi2 "o o 

S E o 
O ui b:r to 



c 

CO ^ 

c in 

o 05 




(D 

H 
E 

0) 



CO 

5 



-5 

CO ^ 
(D O 

°~ 

2e 
>co 

o ^ 
5: o 

U o 
_ k. 

.5 c 

O CO 

■■a i= 
3 a 

o 

CO 

E ^ 
E 



CO 



ERIC 



133 



122 ELEMENTARY^ SCHOOL MATHEMATICS: A GUIDE TO CURRENT RESEARCH 



primary level or, on tlie other hand, denying older students an opportunity 
to gain an intuitive grasp ot a mathematical idea by the i:on-use of models 
at upper grade levels. 

What has research suggested about the effectiveness of physical 
(concrete) models in facilitating math learning? 

F'ennema (1972a) has exannned and presented in concise tabled 
fonn a summary of some studies that have been carried out on effective- 
ness of concrete models in elementary math instruction. Figure 2 sum- 
marizes some studies that compared Cuisenaire material with more 
traditional materials. Figure 3 sunnnarizes some studies diat compared 
other kinds of concrete materials with more symbolic procedures. 

It can be noted that the research findings are not consistent or 
unequivocal. Many of the studies also have serious limitations inasmuch 
as the "traditional" methods were left undefined. Also, the interest and 
enthusiasm of the teacher(s) for the various treatments y^ere generally 
unkn'own. Brownell (1966) found that it was not the math materials, 
(Aiisehaiie rods, that affected achievement but the interest and enthusiasm 
of the jteachers using the new (to them) materials that seemed to make 
a difference. Consistent with Brownells observations was Revs' (1972) 
statement, after examining some of the reviews of research on this issue, 
that "the one connnon thread among these studies is that learning mathe- 
matics depends more on the teacher than on the embodhnent used" ^ 
(p. 490). 

Fennemas ( 19721)) recent report of her research with second grade 
children on the relative effectiveness of, symbolic and concrete (Cuise- 
naire) models in teaching nndtiplication as union of ecjuivalent disjoint 
sets sugges'ted that each method was effective in achieving immediate 
learning results. The s\ mbolie representation seemed to be more effective, 
h()we\'er, when the criteria included transfer or extension of the principle. 
Part of her snnnnary and citations ma\- servc^ as a useful caution for 
teachers whfMi c^isidcriii^ th(* use ot manipulativcs in mathematics: 

This study does not refute the necessity of action experiences provided 
hy use of concrete models in learning mathematical principles. It does indicate 
that concrete models are not always necessary or more efFective than symbolic 
models. More empirical data must he collected to detennine in which 
.situations concrete models contribute most to the learning of mathematical 
ideas. However, until these data are available for formation of an "adequate 
theory for manipulative activity in mathematics instruction" (Kieren, 1971, 
p. 228), care must he . taken that use of .such mf)(lels does ru)t become an end 
in itself (fr a "seductive shibboleth" ( Weaver, 1971a) (p. 238). 
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What part does teacher-student verbal mteractior) play in 
classroom instruction? 

From the work of FliuultM-s ( 1965) uikI otlun.s. it lui.s been estimated 
that in tlie typical classroom talking is taking place two-thirds ot the 
time. It has been further estimated that two-thirds of that talking is 
done by the teacher. Thus tliere is talk going on a majority of the time 
in the classroom and the teacher is the major contributor. 

Teacher talk has been classified a.«i exerting direct or indirect 
influence. Direct influence c a 13. .be seen in sucli activities as lecturing 
and giving hifonnation/ giving directions, and criticizing or justifying the 
authoritv of the teacher or institution. Indirect influences are those that 
encourage .student involvement and participation, as in such verbal activi- 
ties a.s praising and encouraging, accepting student ideas and feelings, 
and asking questions. Clayton (1965) and Flanders (1970) reported that 
teachers of higher achieving classes use five to six times as much accep- 
tance of student ideas and encouragement of student ideas as teachers 
of lower achieving class(\s. They also use five to six tinie.s less direction 
and criticisn^. of student behavior. 

Using thne-sampling observations of teaclun* verbal sanctioning 
patterns during mathematics and langiuige arts classes in beginning 
primary and middle primar\' grades in open (informal) cla.ssrooms, 
Perez (1973) found a positive sanctioning pattern. vSanctions were found 
to be more frecjuent in language arts than in mathematics. There was 
generallv no difference in verbal sanctioning of girls and boys in the 
open (informal) cla.ssroonis observed. This was in marked contrast with 
sanctioning patterns reported in studies of conventional classrooms, where 
it was found ( Meyer and Thompson, 1956) that the boys received reliably 
more disapproval' from tlieir tc^achers than did girls. Thc^ sugg(\stion was 
made that the difference in sanctioning for boys in an open classroom 
situation mav be from the freedom of movement the choice of activities, 
and the diversit\ (if resom'ces and procedures which nia\' allov/ them to 
channel their energv. aggressiveness, and iBdepcnideiice int<) learning 
experiences. 

Aiken ( 1971 ) cited the results of a fc^w studies ( Fey. 1969; Lamauna, 
1969) of teacher-student vcn'bal interaction during mathematics classes in 
summarizing research On Vv i])al factors involved in mathematics learning. 
He obsei'Vc-d,'"the analvM^ of teacher-student verbal interactions is still 
in its infancv, but this type of rest^udi adds another dimension to our 
understanding of the effects of classroom social climate on performance" 
(p. 311). In summarizing research on teaeher-pupil interaction over the 
past decade. Soar (1972) indicates that growth-producing classrooms 
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have a iiiiinber of charactoristics. They are low in criticism of pupils; 
pupil ideas are praised, accepted, and used by the teacher; diere is a 
niininuini of restrictive direction and control by the teacher. He also 
presents some qualifications of these characteristics, and concern for 
extremism by teachers in withdrawing control. 

What is the effect of homework? 

Gra)- and Allison ( 1971 ) have reviewed nmch of the research and 
writing on the topic of homework. Thp findings of the few research 
reports tend to be somewhat conflicting. Intuitively many teachers and 
parents seem to feel (here is benefit to be derived from assigning home- 
work; empirically the evidence for such benefits is far from persuasive. 

Although some studies (Goldstein, 1960; Koch, 1965) suggest that 
if the objective of the homework is immediate increase in computational 
skill, then regularly assigned homework in the middle and upper grades 
may be of some benefit, this is not a consistent finding. Gray and Allison 

(1971) found no difference on computational sk^U with fractions between 
si.\th graders receiving three 20-minute homework assignments per week 
(for eight weeks) and those receiving no homework assignments. This 
generally is in agreement with the results of Maertens and Johnston 

(1972) . 

Using a semantic-difFerential technique for studying attitude of 
third grade pupils, Maertens (1968) concluded that the admhiistration of 
arithmetic homework does not seem to affect pupils' attitudes toward 
school, teacher, homework, spelling, arithmetic, or reading. 

Depending on ones orientation toward homework, the empirical 
evidence seems to allow either a "partly sunny" or "partly cloudv" fore- 
cast. On the one hand, there is little unequivocal evidence to demonstrate 
a positive effect for homework on learning. It seems reasonable to sav 
that indifferent, routinized homework assignments, imposed bv the 
teacher and opposed by the pupil, bring about little or no growth in 
desirable mathematical learning. On the other hand, it would seem that 
meaningful assignments given to the student for homework will not 
negatively affect either achievement or attitude. 

What emphasis on computational proficiency? 

It is generally agreed that the computational proficiency of children 
and youth suffered during the revolutionary years of the new math, 
at least xis evidenced by scores on standardized achievement tests. We 
are now witnessing a substantial amount of activity to change this situa- 
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tion— even including in some instances the attention of legislative bodies, 
local and state. , 

Publishers of new math programs are actively promoting some of 
their materials as being specifically tai^geted at this problem. The goal 
of maintaining a pn)].H»r l)alance between.the developmental (meaning) 
and consolidation (di^ji or practice) phases of the math progi-ams is 
neither new nor readily achieved. The present problem of lack of 
computational proficiency was discussed by Browiiell (1956,) twenty 
velars ago to aid school personnel to cpmprehend his distinction between 
meaning and skill— and the need for maintaining a balance. 

It is this same problem we now ^ce in the post new math revolu- 
tionary years. In the opinion of the writers, no mathematical psychologist 
has answered it any better, so we quote Brown ell: 

To sum up, the balance between meaning and skill has been upset, if 
indeed it ever was properly established. . . . The remedy I propose is as 
follows: 

1. Accord to competence in computation its rightful place among the 
outcomes to be achieved through arithmetic 

2. Continue t()" teach essential arithmetic meanings, but make' sure that 
these meanings are just that and that they contribute as they should to gi'eater 
computational skill . , 

3. Base instruction on as complete data as are reasonably possible con- : 
ceming the status of children as they progress toward meaningful habituation 

4. Hold repetitive practice to a minimum until this ultimate stage has 
been achieved; then pro\ide it in sufficient amount to assure real mastery of 
skills, r(»al competence in computing accurately, quicklv, arid confidently 
(p. 136), 

What is the place of the hand-held calculator in the 
elementary, middle, and junior high school? 

The answer to this (Question can be found more in the realm of 
rational inquiry tha^^ in the area of scientific research. 

After much deliberation,' the Board of Directors of the National 
Council of Teachers of Mathematics recently adopted the follovWng 
positicm statement {Bulletin for Leaders, 1974) : 

With the decrease 'in cost of the mini-calculator,- its accessibility to 
students at all levels is incrcasing^_rapidlyr"1Vlathematics teachers should 
recognize the potential eorrtnl)Ution of this calculator as a valuable itistruc- 
tionai aid. In the classroom, the mini-calculator should be used in imaginative 
wavs to reinforce learning [italics ours] and to motivate the learner as he 
becomes proficient in mathematics. 
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The writers added emphasis to the word ^Veinfotce" to assist the 
reader in distinguishing between learning as the process by which 
cognition (associations, concepts, meanings, and problem solving) is 
acquired, and reinforce me np-^s the process by which previously acquired 
cognition is consolidated. Tjie hand-held calculator will not help the 
student know when to use subtraction to solve a problem nor help him 
understand the processing r-'^ '\e numerals in, say^ 403 — 127 = n. 

What is the place of practice (drill) in the contemporary 
mathematics program? 

Contemporary programs in elementary school mathematics provide 
for the attainment of a variet\^ of cognitive skills, abilities, concepts, and 
understandings as well as for the maintenance of these cognitive learnings. 
Practice is of the essence in accomplishing the latter objective (mainte- 
nance) and is a necessary part of the former (attainment). 

Practice has two essential phases, according to Burton (1952) : 

. . . (a) the integrative phase in which perception of the meaning is 
developed; and (b) the repetitive, or refining, or facilitating phase in which 
precision is developed. 

The integrative phase ... in which meaning is developed demands 
varied practice which means many functional contracts and exploratory 
activities. The refining phase in which precision is developed demands 
repetiti\ e practice. Varied practice by itself yields efficiency but not meaning. 
Competent varied* practice in early .states will^ reduce greatly the amount of 
repetitive practice needed later. 

An illustration of these two tv'pes of practice might occur in the 
learning of the addition combinations. During the initial stages of the 
learning, the teacher and children should make extensive use of many 
and varied manipulative and pictorial materials for the purpose of 
building the meanings of and relatioaships among tHe tacts. This would 
be the integrative phase. Out of this practice would come the systematic 
arrangcnnent of the addition tables; and further varied practice would 
result in the develc pment of meanings. Following this careful develop- 
ment would come the repetitive phase of practice with the facts arranged 
in random order. The purpose of this phase would be the fixing of the 
facts for efficient recall. ^ 

From researcli studies such as that by Brown ell and Chazal (1935) 
has come* a major guidiiig principle in the use of repetitive practice: it 
nmst be preceded by a thorough teaching program aimed at the building 
of meanings or understandings; or, stated otherwise, practice must follow 
understanding. Weber (1965) has indicated that there still is a general 
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misconception by tcaclun\s that drill is •<! way of learning, rather than a 
process for consolidating learning that has been attained during the 
developmental or integi-ative stages of learning. 

Another section of this monograph (Part Three) deals with the 
ratio of chiss time spent on developmental activities compared to practice 
activitif;s. 

Aside from the appropriate positioning of repetitive practice hi the 
instructional process, another consideration focuses on appropriateness of 
cognitive learnings to which repetitive practice is applied. The basic 
addition, subtraction, nniltiplication, and division combinations are exam- 
ples of learning products of the elementary school mathematics program 
in which a high level of facility with these products is desirable. 
Therefore, practice in both the attahiment and maintenance of these, 
skills is important. ^ 

Many contemporary* programs in mathematics encourage creative 
problem-solving activities in an attempt to develop certain process out- 
comes or objectives. The routinizing of such **process" objectives by drill 
or practice is ([nite inappropriate.^ Luchins' (1964) classical experiments" 
point out the rigiditv or Eimtellung effect that is fostered when practice- 
type activities are applied to creative problem-solving tasks. This result 
is an antilogv' (a contradiction in terms) with the desired outcome of 
flexible cognitive fimctioning. 

Practice designed to maintain a desired level of functioning for a 
particular skill is an hnportant consideration in the elementary school 
mathematics program. Because of the secjuential development of a sound 
mathematics education program, much of the practice on previously 
learned skills can be '*l)uilt in" to su])se(juen'tly learned materials. This 
allows th(» child to use (and therefore practice) skills previously learned, 
in the development of new learnings. An illustration is pointed out ])y 
Capps (1962), who found that two gi'oups of students, one grqup using 
u common-denominator approach to division of fractions and the other an 
inversion method, were significantly different at the end of the experi- 
mental period in their skill in nniltiplication of fractions. 

One logical explanation that suggests itself would be tliat since the 
I inversion method of division of fractions recjuires ni.ultiplicati()ii as part 
of the computational procedure, the skills in multiplication of fractions 
were reinforced. Consecjuently there was a niahite;iance of the, skill in 
multiplication of fractions. The common-denominator method does not 
involve multiplication of fractions to derive the answer. Thus, there was 
\\o opportunitv to maintain the skills in niultiphcation of fracliims, and 
computational skill decreased. 

Practice exercises are a place in die teaching/learning sequence 



139 



128 EUEMENTARY oCnOOL mATHEmaiiCS: A GUIDE TO CURRENT RESEARCH 

where individualization of instruction can be carried out by the classroom 
teachen Gay (1972) has indicated thai a traditional method of mathe- 
.matics instruction whereby all students receive the same amount of 
practice was not conducive to promoting immediate, or delayed, retention. 
Conditions for practice 9n Iciuning a mathematics concept where a 
^retention index" was determined for each «tu,dent, or where individual 
students could choose the number of practice exercises, were superior 
to a fixed number of practice exercises for each student. 

The teacher can feel quite confident that practice is a necessary 
part of the elementary school mathematics program.* Wise and discrimi- 
nating, use of practice is important, and thi$ involves its use at the 
appropriate point, or 'stage, in the instructipnal process; Its use with 
appropriate learning ^objectives of the program; and also differential 
application to individual children. Some children may need only a small 
amount of practice to consolidate and mafntain high-level functioning, 
while other children may need a gi-eater Amount of practice. 

How do we diagnose learning problSms in 
elementary school mathematics? / 

Early work in diagnosis in aj'ithmetic was largely limited to compila- 
tions of frequency of errors on computational tests. As the goals of school 
mathematics became more comprehensive, the concern for identifying 
diflBculties in learning also grew. Diagnostic procedures have come to be 
concerned with the process used by students in their work in mathe- 
matics as well ^s the more comprehensive product outcomes of the 
program. 

The etiology of learning problems in elementary school mathematics 
is a complex field of study. Reisman (1972) indicates that the reasons 
some children have diflSculty learning arithmetic may include a gap in 
their mathematical foundation, lack of readiness for learning, emotional 
problems, deprived environment, or poor teaching. Glennon and Wilson 
(1972) presented a model for diagnosis and prescription which was 
restricted to cognitive considerations, its three dimensions, composed of 
content, t\'pes of learning, and behavioral indicators, suggest the com- 
plexity of the field of diagnosis in mathematics. As part of the general 
area of communication activities, the work of Kirk and Kirk ( 1971 ) may 
give additional insight into mathematical learning diflSculties. At the 
representational level they focus on learning difficulties associated with 
the receptive process, organizing process, and the expressive process. 

Any of the aforementioned factors may interrelate to form a com- 
plex network of difficulties leading to learning difficulties in mathematics. 
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Untangling such a network through diagnostic procedures is a very 
complex process. Scattered studies (Ross, 1964; Bernstein, 1959) have 
suggested that arithmetic underachievement appeared as a complex and 
multiple-factored disability. The idiosyncratic nature of underachieve- 
ment in mathematics was alluded to by Wilson (1967) when he sug- 
gested that in working with individual children it becomes increasingly 
apparent that underachievement in mathematics is far from being of one 
kind; of several children with the same degree of general underachieve- 
ment in mathematics, each has unique symptomatic patterns of that 
underachievement. 

With the realization of the complexity of the nature of under- 
achievement, methods of diagnosis must also undergo change. Brueckner 
(1935) 'suggested four general methods that could be used to analyze 
errors and faulty methods of work: (a) observation of the pupil at work, 
(b) analysis of written work, (c) analysis of oral responses, and (d) 
interviews. The techniques of greatest use in a sound diagnostic pro- 
gram will be those that lean away from the more mechanical types and 
lean toward the more clinical procedures. 

The day-by-day observations by the classroom teacher are probably 
the best source of data on the learning problems of children in mathe- 
matics. Additional insight into the problems may be gained through 
analysis of a student's written work. Procedures such as that used by 
Roberts ( 1968) may prove useful in pinpointing problems in computation. 
Ashlock (1972) has identified and compiled some common computational 
error patterns and presented some ways of correcting such errors. 

The oral interview technique has been advocated by many 
(Brownell, 1935; Burge, 1934; Buswell, 1926; Weaver, 1955) over the 
years as a procedure for gaining insight into students' maturity of 
thinking in mathematics. Lankford (1874) used the interview to study 
computational strategies of 176 seventh grade\pupils. Analysis of the 
interviews provided some interesting and useful information^ about differ- 
ences in the computational practices of good \and poor computers. 
Teachers may also find the guides for interviewing, children very useful. 
Grouws (1974) used the interview in studying \strat;egies used by chil- 
dren in solving verbal problems. Using the teciinique^he was able to 
identify a wide range of methods that students use in "solving simple 
addition and subtraction open sentences. 

R. F.. Smith (1973) used a task-analysis procedure in developing a 
diagnostic test of place-value concepts. Among other findings it was 
observed that low achievers indicated a lack of mastery of five of the 
12 prerequisite skills identified as being fundamental in building an 
understanding of place-value in the base ten numeration system. Callahan 
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and Robinson (1973) found the task-analysis procedure, when combined 
with meaningful mixstery learning, an effective procedure for learning 
mathematical tasks. With open-ended time regulations in effect, there 
appeared to be no diiTerenee between aehii vers and underachievers in 
learning the criterion tusk. It was observed that the hitter gL'oxip tended 
to take more time in mastering the subordinate tasks, however. 

(Competencies needed by teacliers for diagnosing children s learning 
difficulties in mathematics were tiuggested by Brueckner (1935). He 
suggested that teachers must have a clear conception of the functions 
and objectives of arithmetic instruction, nnist be thoroughly acquainted 
with, the scientific studies of the factors that eontribut to success in 
arithmetic, must know the symptoms and causes of various unsatisfactor)' 
conditions, must be able to use effective techniques for bringing to the . 
surface facts conceruiug the nature of the pupil's disability and his 
thought processes that would ordinarily be unanalyzed, aiid must be able 
to interpret the facts revealed by his study of the pupil and to suggest 
steps to correct the condition. 

How should we evaluate learning in 
elementary school mathematics? 

A continuous concern in the instructional process is that of evalua- 
tion of le-iming. Browiiell (1941a) suggested the chief purposes of 
evaluation are (a) to diagnose class and individual difficult)-, (b) to 
inventor)' knowledge and abilities, (c) to determine the extent of 
learning over a limited period, (d) to measure learning over a relatively 
long period, and (e) to obtain rough measures for comparative purposes. 

The first three purposes are very closel)* related to the teachers 
daily, ongoing instruction program. The informational feedback diat is 
received aids in adapting procedures, determining specific outc omes and 
emphasis, and deciding on areas for reteaching. The last two purposes 
are coucemed with judging more general outcomes of the instructional 
program. 

These* two general categories of evaluation have come to be labeled 
"formative'* and "summative" evaluation. Bloom (1971) states that the 
purpose of formative obsemitions is to determine die degree of mastery 
gf a given learning task and to pinpoint the part of the task not mastered. 
On the other hand, sninmative evaluation is directed toward a much 
more general assessment of the degree to which the larger outcomes have 
been attained ovct the entire course, or some substantial part of it. 

Weaver (1970) points out that the school administrator is con- 
cerned more directly with summative evaluation in mathematics. The 
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teacher, on the other hand, rs concerned v,er\* directly with formative 
evaluation and it3 role in facilitating effective instruction. Formative and 
summative evaluation procedures are not mutually exclusive categories; 
. teachers may gather insight into needed instructional adjustments from 
summative results, and forinative proecnlures can give some insight on 
comparative progi*am outcomes. 

Within the/ general category of formative evaluation, the concept 
of learning for r/iastery has been receiving renewed emphasis. Drawing 
from the work of Carroll (1963) and others, Bloom (1971) presents the 
following distinction between the use of mastery on criterion-referenced 
tests and ifse of norm-referenced procedures. 

... if the students are normally distributed with respect to aptitude 
for some subject (mathematics, for example) and all the students are provided 
with exactly the .same instruction (same in terms of amount and quality of 
^ instmetion and time available for learning), the end result will be a normal 
distribution on an appropriate- measure of achievement. Furthermore, the 
relation between aptituc^e and achievement will be fairly high. Conversely, 
if the students are normally distributed Avith respect to aptitude but the kind 
and quality of instruction and the amount of time available for learning are 
, made appn)priate to the eharact(»ristics and needs of each student, the majority 
of sLudenis, may be exp(\cted to achieve iViastery of the subject. And the 
relation between aptitude and achievement should approach zero (p. 45). 

Ebel (1971) indicates that the arguments for mastery are com- 
pelling when applied to basic intellectiial skills that ever\^ne needs to 
exercise almost flawlessly in order to live effectively in modem society. 
But these basic skills niake up only a small fraction of what the schools 
teacli and of what various people are interested in learning. He cites the 
major limitations of criterion-referenced measurements as (a) not telling 
. us all we need to know about achievement, (b) difficulty in obtaining 
any sound basis for the criterion, and (c) total mastery is only necessary 
for a small fraction of important educational achievements. 

A complete evaluation program in matheniatics will also measure 
growth in ability to make judgments in quantitative situations, ability to 
do mental aritluuetic, attitudes toward mathematics, and appreciation of 
the uses and cultural contributions of mathematics. A comprehensive 
repertoire of techniques and instruments will be needed to evaluate such 
goals. Traditionally, teacher-nuide paper and pencil tests, standardized 
achievement tests, and interview and observational techniques have been 
valuable means of judging children's mathematical learning. Discussions 
of the use of some of these procedures may be found in Bus well (1949), 
Carry (1974), Clark (1954), Dutton (1964), Epstein (1968), Gray 
(1966), and others. 
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With the trend toward more informal classroom organization there 
is increased interest in less formal means of evaluation. The teacher in 
the informal classroom will make use of real and contrived problem 
situation tests, dramatizations, anecdotal records, growth charts, and other 
means for evaluating the mathematical progress of the student. Wilkinson 
(1974) has suggested some means for teacher-directed evaluation in the 
mathematics laboratories. Biggs and MacLean (1969) have cited the 
need for improving evaluation techniques in the informal classroom. 

The teacher of mathematics is a teacher of the whole child; he is 
not a teacher of one "slice" of the child~the mathematics' slice. This 
means that the teacher must sensitively and systematically use a broad 
spectrum of evaluation procedures in making both immediate and 
longer-range judgments on children's mathematical developrn^nt. 

What are meaningful approaches to instruction in the 
primary mathematics program? 

There is little "hard" research evidence that would indicate the 
existence, of on^ best approach to meaningful learning at the primary 
level. In this section the objective will be to analyze the problem into 
various methods that have been advocated as effective ways of developing 
meaningfulness in the elementary school mathematics progi-am at the 
primary level. / 

It may be ofl value to look at the nature o£ the learnings to be 
achieved in the primary program. Brownell's insightful analysis helps 
clarify the nature of some of these desired learnings. H[e writes 
(Brownell and Hiendrikson, 1950): 

... it is helpful to think of particular facts, concepts, and generalizations 
as occupying points on a continuum of meaningfulness. ^ 

(Zero) . . : , . . . N (Maximum) 

At the left end of the scale, near the 0-point, are the ideational learning 
tasks with a minimum of meaningfulness. ... At the upper end of the scale, 
near N, are ideational learning tasks which are heavily freighted with 
meaning. . . . "Two" is an idea which, properlv learned, belongs well to the 
right on the scale of meaningfulness. How mucli more, then, does "2 4-2 = 4" 
belong near N, involving as it doe.s, not only the idea "two" but the idea *'four," 
an understanding of the equivalence (shown by "=*') of "2 4- 2" on the one 
hand and of "4'* on the other (p. 94) . 

The numbers 2, 5, Js, etc., are concepts to be meaningfully acquired. 
Concepts arc abstractions. As Clark (1954) points out, to learn the 
concept of four, or any other number, the learner proceeds from the 
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concrete to the abstract, from things to symbols, Effective learning 
presupposes that the teacher provides the learner with wisely selected 
and properly related .experiences, and constantly encourages the pupil to 
generalize, to abstract,\to symbolize his responses to them. 

What is the mostVfficient route to travel from things to syniboLs? 
What are wisely selectedNand properly related experiences? 

Lovell (1962) identified and discussed three general methods of 
mathematical concept development. As in many attempts at classification 
of complex behaviors, fhe^'e' tends to be overlap, and seldom does one 
find in practice a "pure" case of a particular method. For purposes of 
analysis, however, Lovell's scheme is useful. He cites three general 
methods: (a) verbal methods, (b) methods based mainly on visual 
perception and imagery, (c) activity methods. 

Verbal methods imply that mathematical concepts build up mainly 
on spoken and written symbols, in the sense that the child, by manipu- 
lating these symbols, comes to comprehend the ideas underlying them. 
Overzealous application of this-approach by proponents of Connectionist 
Psychology' during the early part of the 20th centurv' led to some dis- - 
illusionment and disfavor with the method. Some' contemporary learning 
psychologists have warned against overgeneralizing the ineffectiveness of 
verbal methods, however. Ausubel •( 1968) suggests that both expository 
and problem solving techniques can be either rote or meaningful depend- 
ing on the conditions under which learning occurs. In both instances 
meaningful learning tasks can be related in non-arbitrary, substantive 
fashion to what the learner already knows, and if the learner adopts a 
corresponding learning set to do so. 

Gagne ( 1970) also points out the efficiency of verbal methods which 
allow for the '^short-circuiting" of more time-consumiag inductive tech- 
niques, given the necessary antecedent learnings. Since the primary 
school child may. not have' a large and varied arsenal of background 
knowledge witli'which to cope with verbal niethods meaningfully, this 
method may be less appropriate at this stage than at later stages in the 
student's cognitive development. 

Bereiter and Engt^mann ( 1966) indicated some success with a 
direct verbal method in teaching culturally disadvantaged four- and 
five-year-old students. One observer (Pines, 1967) described a class in 
the following manner: 

... the children started to roar, "ei^ht plus zero equal eight, eight plus 
one ecpal nine, eight plus two equal ten, eight plus three equal eleven!" 
(p. 57), 

Methods of concept development which are based mainly on visual 
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perception and iinageiy seek to develop an intuitive cognitipn by 
presenting visual perceptual structures. A correspondei\cc is then sup- 
posed to arise between the perceptual and physical structures and the 
mental structures Involved. Some of Stern's (1949) writings may aid in 
illustrating .some of thi.s thinking. She, indicates that in\()nie semi- 
concrete approaches to numbers, the domino patterns are used m teaching 
addition. \ 



Figure 4. \ 

The sum is found by counting the single dots. With these patterns, 
a child may not see the equalness of (for example) 4 -f 4 = 8. Rather, it 
is suggested that even when separat-e cubes are used, the relation of the 
parts to the whole be shown. From his first experiments on, the child 
constructs the'S-pattern from the subgroups 4 plus 4. 

□ □ ■ ■ ■ ■ 

□ □ 

Figure 5. 

This sho\vs at a glance how the two addends build up the sum. 
The structure of the patterns is less forgettable, so tliat the child can 
see the subgroups in his mind whenever he reconstructs the picture of 
8 and 9, etc. 

Riess (1965) questioned the use of pictures of sets to establish the 
concept of number in kindergarten and first grade. Such use is based 
on the untested assumption that the cliild gains his ccmcepts. of number 
through a process of abstraction from groups or collections of objects 
presented to him. 

The action method of number cond'Cpt formation was popularized 
by McLellan and Dewey (1908). Dewey rejects visual perception and 
imagery as bases of number concepts. Rather, the child's ideas of 
number are built up by using, each number in many different situations 
that involve him in action. However, Dewey sheds little light .on the way 
in which physical activity is transformed into mental activitv. 
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Giilperin ( 1957) in his work at the University of Moscow has devel- 
oped a theoretical model for the transference of knowledge from physical 
action to that of a purely mental action. To Galperin, the learning of 
every mental action passes through five hasic states: 

1. Creating a pre]iminar]^)ncepti{)n of the task 

2. Mastering the action, using objects 

3. Mastering the action on the piano of iuulihle speech 

4. Transferring the action to the mental plane 

5. Consolidating the mentariiction (p. 217). , 

The process of teaching a mental action, to Galperin, then: 

. . . begins with the task of learning something, a task usually set by 
other people; On the basis of demonstration and explanation, the child buijds 
up a preliminaiT concept of the action as seen in the external action of another 
person. He then makes himself familiar with the action in its external material 
content, and gets to know it in practice, in its application to things. The first 
independent form of such activity in the child is, thus, inevitably the external 
material action. 

Next, the action is separated from things and transferred to the plane of 
audible speech (Slavina, p. 205, describes an approach to this transition using 
imagery- as a necessary intermediate stq^), where its material foundation is 
fundamentallv changed: from being objective, it becomes linguistic verbal. 
But the crux of this change is that, from bdng an action with things, it 
bec{)mes an action with concepts, i.e., a genuinely theoretical action. 

Finally the action is transferred to the mental plane (pp. 222-23). 

Piaget's work, which suggests qualitative changes in concept forma- 
tion at various stages of cognitive development, has been cited elsewhere. 
Other approaches that tend to coml)ine perceptual structures with active 
manipulation in the process of concept development such as that by 
Dienes (1960), Cui.senaire ( 19.54), and Montessori (1964) should be 
examined by the teacher interested in the process of abstraction. 

Much' research nnist be carried out before one can suggest a 
particular route that is most efficient and effective on the way to the 
development of an abstraction in elementary school mathematics. It 
may be the case that there is not one most appropriate route for all 
children. The teacher nnist be able to recognize the characteristics of 
pupils' concepts at various ages and stages to be able to understand them 
adequately and contribute to their growth. It is to be hoped that future 
research in this area will then aid the teacher in his choice of a method 
that will facilitate the richness of association, accuracy, and precision 
which mark the (j[ualitative changes in the emergence of a mathematical 
concept. 
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Should children be allowed to count when 
finding answers to number facts? 

No two childmi in any grade are at the sanne level of development 
in their control over all aspects of number work. Where one child may 
be able to give a mature, automatic response to a number fact, another 
child is able to give a response to the same fact only on any one of 
several less mature levels. When two children seemingly give equally 
mature responses, further probing may give evidence of a more complete 
understanding by one child than by the other. Also, any child may give 
a mature response to one number fact and an immature response to 
another number fact. 

Brownell (1928) identified four levels of development from imma- 
ture to mature in responding to number facts: (a) counting, (b) partial 
counting, (c) grouping, and (d) meaningful habituation. Whether a 
child should be allowed to find answers by counting depends on his level 
of development. In the early stages of learning the facts, he should be 
allowed, t*ven directed, to find answers by counting and grouping. As he 
matures, he should approach and attain the level of meaningful 
habituation. 

Beckwith and Restle (1966), in their e.xperimentation dealing with 
the prot-ess of enumeration, suggest that there may be differences between 
children's and college students' use of spatial arrangement in counting. 
Fairly young children, 7 to 10 years of age, seem to show sensitivity to 
the organization of the visual fiekl That is, even when a child is 
enumerating one by one, he may work rapidly within one group, then 
pause and consolidate his result in some way, and then attack the next 
group. The pausing, and the ability to divide the task into suitable parts, 
is a generally important part of a long serial task. College students seem 
to make special use of the re^ctangular array, presumably by using multi« 
plication. For })oth young childreii and college students, the rectangular 
array may facilitate the proct\ss of enumeration to a grtniter degree than a 
lin{^ar, circular, or scrambled presentation of the objects. 

We should not expec^'t a child to begin with a mature level of 
response. Brownell and Chazal (1935) concluded that children do not 
come rapidly to mature thought processes and hence to true master)- of 
the facts. They move through levels of development from immature to 
mature. 

The teacher can feel confident that counting is acceptable behavior 
for the child in the early stages of learning; he must also accept the fact 
that his guidance includes helping the child grow from le.ss mature to 
more mature behavior. 
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What meaning(s), algoi1$m(sh and $equence(s) tor the 
operation of subtraction?. 

Three meanings for the operation of subtraction are generally 
developed: the "take-away" idea, the* "additive" idea, and the "com- , 
parison" idea. Gibb (1965) reported the thought processes used by 
second grade children when solving problems i^Volving sub^-raction 
situations, additive situations, and comparative situations, Crumley's 
(19d6) study indicated that children tended to see the subtraction 
process as a "take-away" process regardless of the teaching method used. 
Schell and Bums (1962) found that: 

■ 1. Children's arithmetic textbooks that they examined for both grades 2 
and 3 indicated considerably greater opportunity for work with "take-away" 
subtraction situations than for other types. 

2. Pupils in the study performed best of all on "take-away" subtraction 
situations mid least well on "comparison" situations. 

3. The pupils themselves felt that the "take-away" situations were the 
easiest to work. 

4. The pupils drawings of their thinking of the solutions showed evi- 
dence of lack of understanding that the three situations, from the standpoint 
of visual manipulation, are different. 

It would seem that thorough teaching of subtraction requires a 
systematic effort on the part of the teacher to build concepts for the 
three situational uses of thc^ subtraction concept. 

The subtraction algorism has been an object of investigation for 
many years. Two algorisms, equal additions and decomposition, have 
received the lion's share of attention. 

In the equal-additions method (A) 10 ones are added to the 3 ones 
making 13 ones; 7 ones can be taken from the 13 ones leaving 6 ones. 
To compensate for the 10 ones added to the 3 ones in the minuend, 
1 ten is added to the 2 tens making 3 tens in the subtrahend. Then, 
3 tens from 4 tens is 1 ten. 

In the decomposition method (B) 1 ten of the 4 tens is changed to 
10 ones and added to the 3 ones; 7 one.^, can be taken from the 13 ones 
leaving 6 ones; 2 tens from the remaining 3 tens is 1 ten. 

(A) 4^3' ^ (B) M^3 

7 2 7 



Early research studies (see summaries by Ruch and Mead, 1930; 
Johnson, 1938; Brownell and Moser, 1949) show that neither of the two 
methods was markedly more efficient than the other, but when both were 
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taught in a mechanical fashion pupils who use the equal-additions 
method had a slight advantage in rate and accuracy. 

In a study termed by Cronbach (1965) "one of the best-executed 
of all educational experiments," Brovviiell and Moser (1949) compared 
the effectiveness of the decomposition and equal-additions methods when 
each was taught two ways-meaningfully and mechanically. The success 
of the methods was judged not only on the basis of rate of work and 
accuracy of work, but also on the basis of smoothness of performance, 
degree of transfer of training, and the vhlues inherent in the use of a 
crutch in the early stages of learning. ( Using a variety of data, the 
researchers found that: (a) the decomposition method when taught 
meaningfully was the most successful method; (b) the equal-additions 
method was difficult to rationalize; (c.) the use of the crutch facilitated 
the teaching and learning of the decomposition method; (d) children 
discarded the crutch when encouraged to do so by the teachers. 

Hutchings (1975) has recently reported the development of "low- 
stress" algorisms for the operations of addition, subtraction, multiplication, 
and division of whole numbers.' These algorisms are characterize^ by 
'(a) their use of concise, definable, easily, read, supplementary notation 
used to record every step, and (b) the opportunity they afford learners 
to complete any intermediate step of a distinct kind rather than alternate 
between different kinds of intermediate steps. argues that these 
■ characteristics allow students to do computational work with a minimum 
of stress and also facilitate identification of specific errors and the 
analysis of error patterns by teachers. 

Wiles, Romberg, and Moser (1973) compared the relative effective- 
ness of two instructional sequences designed to teach addition and 
.subtraction algorisms for two-digit whole numbers. One sequence inte- 
gx;ated instruction on the addition and subtraction algorisms. All daily 
activities placed approximately equal emphasis on the two operations. 
The tnechanics and mathematics of carrying and borrowing were treated 
as a separate entity, regrouping. 

The other instructional sequence segregated instruction of the 
addition and subtraction algorisms. All the addition activities were 
completed before the subtraction activities were begun. In work with 
two classes of second grade children it was round that comparisons of 
group means favored the separation of instruction . for teaching the 
addition and subtraction algorisms, at least for two-digit number 
sibaations. 

The past few decades have seen less attention given to speed and 
accuracy in paper-and-pencil computation and more concern for mean- 
ing, understanding, and abihty to apply operations to appropriate social 
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Situations. Algorisms and sequences of instruction that contribute to 
meaning and understanding will continue to be emphasized in the future. 
As societies more and more depend on electronic processing procedures 
to give speed and accuracy, the question of which paper-and-pencil pro- 
cedure is more proficient becomes less of a concern. The more important 
concern is for the student to understand the nature of the operation a^id 
when, and under what conditions, to apply it. 

What about the use of open addition and subtraction sentences 
in primary arithmetic? 

' Weaver (1971b» 1972a, 1973b) has ejcamined certain variables that 
may affdjet the performance of first, second, and third grade pupils in 
solving*open addition and subtraction sentences. Examples of open 
addition and subtraction sentences are: 7 + 2 = and 10 — 7 = Q. 
-The unknown quantity, □, could be located in 'any one of the three 
positions in the -equation. The symmetric propert)r of the equality rela- 
tionship allows previous examples to be written as □ = 7 + 2, and 
10.^ 7. Task items used in the'^study allowed examination of the 
eSoct^thc operation (-f , — )v placement of the variable in the mathe- 
/matics sentence, and symmetric form of the sentence on performance. 

Results from the data led Weaver (1973b) to the following 
conjectures : 

^ 1. It is likely that performance is NOT independent of/)pen-sentence 
form as determined by the .symmetric propqrty of the equality relation. (Per- 
formance tended to be better on sentences of the form 7 + 3 = □ and 
12 - 5 = □ than □ = 7 + 3,) 

2. It is likely that perfcjirmance also is related to one or more of the 
following factors: 

a. Grade level (second graders performed better than first, third 
gradrrs better than second) 

b. The operation used in the statement of an open sentence (at each • 
tirade \eve\ the subjects performed better on addition sentences than sub- 
traction sentences) 

c. The ppsition of the placeholder in an open sentence (there was a 
tendency for open .sentenoes with the placeholder in the initial po.sition lo be 
more diificult, e.g., □ - 3 = 5 or 5 = □ - 3) . 

.3. It is likely that some interaction (between and among the above 
factors) exists . . . (p- •>5)- 

Teachers should be aware that many specific factors incorporated in 
a simple addition or subtraction o^en sentence may affect performance of 
their students. Also, age and intellectual -^tage of development (Howlett, 
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1973) would seem to be related to performance on tho sentences. Weaver 
suggested that it seemed desirable, even necessary, to provide a balance of 
experiences with the variety of forms of addition and subtraction open 
sentences. 

VlhaX algorism should be used in dividing by a tiraction? ^ * 

» 

Bidwell (1968, 1971) found three main types of meaningful ap- 
proaches to teaching division with fractions. They were the "common 
denominator' method, the "complex fraction" method, and the "inverse 
foperation" method. Research carried out to determine the superiority of 
Vny one of these procedures is inconclusive. 

Some studies (Brooke, 1954; Stepliens, 1960) have compared the 
performance of ^udents using a "common denominator" procedure with 
others using an "inversion" procedure. The general conclusion to be 
dravv^n was that there was little difference between the two procedures 
in division skill attained, or retained. 

With the increasing concern fo^;^jneaningful learning, the mathe- 
matical rationale for the "inversion" method has received some empirical 
scrutiny. - Bidwell ( 1971 ) analyzed the aforementioned three meaningful 
approaches in terms of Gagnes hierarchy of dependent tasks, and 
Ausubel's "advanced -organizer" concept. He found that using an appro- 
priate conceptual hierarchy and the idea of "inverse operation" as an 
advanced organizer seemed to produce beneficial learning of division 
with fractions. 

Ingersoll (1971) compared a "complex fraction" algorism and 
an * associative" algorism in rationalizing the inversion procedure with 
division of fractions. He also used a random treatment composed of 
tasks from the "complex fraction" and "associative" treatments. Overall 
results favored the "complex fraction" approach. This seemed particularly 
true when the pre-experimontal level of learning was low. Wlien* the 
pre-oxperimental level ot learning was high, the random procedure 
seemed(^ost beneficial. Slusers (1962) study tended to point up the 
differential effect 1of attempting to rationalize the inversion procedure. 
Those students with higher intellectual aptitude seemed to be able to 
comprehend the mathematical principle underlying the inversion pro- 
cedure, and instruction tended to .improve pefformance. Students with 
lowt^r intellectual aptitude seemed not to comprehend the rationalization, 
and iastruction seemed to result in some confusion. 

Capps' (1962) study pointed out the differential effect of the 
"common denominator' and "inverse" methods of dividing by fractions 
on skill in multiplying fractions. 



152 



STUDIES CONCERNED WITH TEACHING METHOD 141 



As previously stated^ the empirical data on comparisons of algorisms 
for division of fractions arc far (rpm conclusive. The "inversion" pro- 
cedure, when appropriately conceptualized, may have* more carry-over 
Jt'ulue in mathematics than the "common denominator" procedure. The 
techniques used in rationalizing the "inversion' proce(j>#i'e may have. a 
very individualized impact on students. It would seem advisable for 
teachers to have a variety of procedures available for their classroom 
instruction. A procedure meaningful to some may be quite meaningless 
to others; thus the need for teachers with confidence in a variety of 
procedures. 

What method of division should be vsed with whole number^? 

Two kinds of division situations were generally identified, measure- 
ment and partitive. Given a set of elements that is to be separated into 
equivalent subsets, measurement problems are those requiring that the 
^number of subsets be found, and partitive problems are those requiring 
that the Clumbers of elements in each subset be found. 

Gundersons (1953) study suggested that problems based on 
partitive-t\*pe division situations were more difficult for second grade 
children than problems based on measurement division situations. Hill's 
(1952) study with upper grade children suggested that these children 
'prefer measurement problems, but their performance 6n the two types 
wqs; noi! <no"nifieantlv different. 

Zvi-eng (1964) intro^duced a further analysis of division .siHiations 
bv disdriminating between "basic" measurement situations and "rate" 
measur<[»ment situations, as >vell as "basic" partitive situations and "rate" 
partitive situations. Examples of the four situations follow: 

1. **Basic" measurement: If I have 8 halloon.s and separate them into 
bunches of 2 balloons, how many bunches will I obtain? 

2. "Rate'' meamiremeivt: If I have 8 ballooas and put the l)allin)ns^ into 
.sacks, placing 2 balloons in each siick, how many sacks will be ased? 

3. ''Basic' partitive: If I have 8 balloons and separate them into 
4 bunches, with the same number of balloons in each bunch, how many 
balloons will there be in a bunch? 

4. "Rfl^ •" partitive: If I have 8 balloons and put them into 4 sacks with 
the same number of balloons in each sack, how many balloo^^^ H-ill there be 
in each sack? • 

Another aspect of this .study dealt with the effect of different 
methods of presenting the problems to the children. All "basic" problems 
were illustrated with just one set of ^objects, the set of objects given in 
the problem. For "rate" .problems, which describe two sets of objects,' 
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some were illustrated with both sets of objects and some were illustrated 
with only one. 

Some of the findings woidd suggest that: 

1. Partitive division prol^J^ems are more difficult for second grade pupils 
than meiisurernent prob! vns. , ' ^ 

2. Partitive "basic" problems are considerably more difficult for second 
grade children than partitive rate problems, 

3. Overall, division problems presented with one set of objects are more 
difficult for second grade children than problems presented with two groups 
of objects. 

4. Most of the difficulty that the children had with problems using one 
set of objects could be accounted for by the partitive situations where ()nly 
one group of objects was used. The differences between partitive situations, 
using two groups of objects, and measurement problems were in no instance 
significant. 

Another interesting observational outcome of this study coneemed 
the manner in which partitive problem situations were solved b\' chil- 
dren. Two methods of solving these partitive situations were identified; 
(a) sharing, where the child assigned the same number of elements to 
each of the required subsets but did not use all elements on the first 
assignment; (b) grouping, where the child assigned all the elements 
on the first processing. The children in the study solved the majority 
of the problems by means of grouping procedures. Children who used 
a sharing technique seldom used one-by-one sharing, but wouM choose 
as their first assignment to each group a number of elements that was 
over 50 percent of the number of elements required in the group. 

Algorisms used in processing division situations generally fall into 
two main categories: one can be referred to as a subtractive (or 
Greenwood) algorism, the other the standard (or distributive) algoribm. 
These two algorisms are illustrated in Figure 6 in their jnost mature 
form. Each can be carried out iii many less mature ways during devel- 
opmental stages of learning. 

Vnn En gen and Gibb (1956) compared the effect of the two 
algorisms. Generally their study seemed to suggest that the subtractive 
algorism had some beneficial effects on performance in division. This 
seemed especially true where understanding of the idea of division and 
transfer to unfamiliar situations was the criterion. Children of low 
intellectual ability seemed to have less difficulty understanding the 
process of division; high intellectual ability groups indicated little dif- 
ference in performance between the two methods. 

Subsequent to the Van En gen and Gibb study many eleriientar\' 
school mathematics programs employed the subtractive algorism, espe- 
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Subtractive Algorism 



Standard Algorism 
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cially for initially introducing the process. Many programs would then, 
at a' later point, move the students to the use of the standard algorism. 
Little data are available on the difficulties students experienced in the 
transition from the one algorism to the other. 

More recent research seemed to favor the standard approach over 
the subtractive approach. Kratzer and Willoughby (1973) studied the 
effect of the two procedures with fourth graders. They summiuizeci their 
results as follows: 

1. There was a sigiiifieaiit difference in achievement between the 
partitioning and subtractive approaehes of teaching long division On the total 
set of computational problems. The direction of the difference favored the 
partitioning approach. This situation existed for the immediate test, the four- 
week retention test, and the delayed retention test. 

2. There was no significant difference in achievement between the 
partitioning and subtractive approaches of teaehing long division cm problems 
similar to those problems studied in the sequence; . . . 

3. There was a significant difference in achievement between the par- 
titioning and the subtractive approaches of teaehing lorig division on problems 
not involved in the instructional sequence, that is, on unfamiliar problems. 
The direction of the difference of the means was in favor of the partitioning 
group. ... 

4. There was no significant difference in achievement between the par- 
titioning and subtractive approaches of teachini^ long division on an immediate 
test of verbal problems. ... On the four-week retention test, there existed a 
significant difference in favor of the partitioning instructional approach. This 
was true for both familiar and unfamiliar verbal problems ... (p. 203). 

Other studies have .suggested that when the procedures are taught 
meaningfully, there may not be a great deal of difference in student 
performance. Dilley (1970) found little' difference in performance of 
fourth graders in the two treatments. He found no interaction between 
socioeconomic level or ability level and the two treatments. Scott (1963) 
suggested the possible benefit that may be derived from learning both 
algorisms. 
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The teacher can be quite sure that young children initially intro- 
duced to division situations will generally find measurement-type prob- 
lem situations more understandable than partitive situations. However, 
the superiority' of any one algorism for division under all conditions has 
not been demonstrated. 

With electronic means assuming much of the routine processing, 
teachers should be familiar with the various algorisms for division so that 
they can bring into instruction those procedures that seem tb contribute 
meaning and understanding in applying the operation of division to 
appropriate quantitative situations. 

What effect does ttie teacliing of non-decimal numeration systems 
tiave on learning of topics in elementary sctiool mattiematics? 

W^th the increased emphasis on structure, the basic concepts of a 
body ot knowledge around which it is organized, it has been suggested 
that the basic properties of the Hindu-Arabic system of numeration come 
into focus more clearly for students when systems with bases other than 
ten are taught. , . 

The Dienes (1960) Mathematical Variabilit\^ Principle urges teach- 
ers to expose ehildnm to the numeration systems with bases other than 
ten. Children should learn several place-value systems. 

Diedricli and Glennon (1970) studied 'the comparative effects of 
having differt^nt groups of fourth-grade children study base 10 only, 
three different bases (3, 5, and 10), five different bases (3, 5, 6, lb, 
and 12), and a control group. They concluded that if one wishes to foster 
understanding of the decimal system, the evidence suggests that only the 
decimal system need be taught. 

Various other studies (Higgins, 1972; Hollis, 1964b; Jackson, 1965; 
Lereh, 1963; Schlinsog, 1968) have been carried out at the intermediate 
and upper elementar\' grades to study the impact of non-decimal instnic- 
tion. The findings generally do not support a commitment of ,vast 
amounts of time such .study. After reviewing some of the studies on 
the topics, Cruickshank and Arnold (1969) concluded that the research 
reported did not convincingly support the allotment of what could 
become a disproportionate amount of time to the study of other number 
.systems. 

Critics of teaching otl^er base systems of numeration in the elemen- 
tary school, .such as Fehr (1966). state that all over the world, in every j 
nation, bar none, and in every type of communication— social, business, 
scientific, professional, etc.— the one system that is used is the decimal 
.system. This is the only .system that most of the population will ever use 
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the rest of their lives, and they will probably use it every day of their 
lives. 

The Hypothesis that the study of other base svstems will enhance 
understanding of our own decimal system would seem to be a reasonable 
jij^stification for its inclusion as a topic for study in the elementary grades. 
Evidence is not conclusive, however, that this is the only or best way of 
accomplishing this objective. 

The evidence would suggest that the teacher can feel quite con- 
fident at this point that some supplementarj' work in other base systems 
of numeration can be done with no evidence of a decrement in learning 
in other areas of arithmetic which are judged to be of value. Whether 
there is any '^advantage in supplementing instruction with other base 
numeration instruction over supplemental)' work with base ten material 
is yet unclear. 

How can we improve ability to solve verbal problems? 

One of the important objectives of the elementar\' school mathe- 
matics program is the development of the ability to solve verbal problems. 
It is through the provision of large and well-ordered amounts of experi- 
ence with verbal problems within a sound textbook program that the 
child develops ability to solve arithmetic problems and transfers this 
ability to solving similar problems occurring in out-of-school, real life 
situations. ^ ^ 

Buswey and Kersh (1956) u.s(>d tests and recordings to get at tl;^e 
thought processes of a group of high school and universit)' students as 
they attempted to solve six sets of problems. From the evidence gathered 
in these studies, it would appear that the following factors contribute to 
success in verbal problem solving: 

1. General reading skill, including a knowledge of word meanings and 
of v/j):ds used singly, in phra.ses, and in .sentences 

2. Problem-solving reading skills, including; 

a. Comprehension of statepaents in problems 

b. Selection of rele\*ant details in problems 

c. Sckctiuii-of procedure to solve problems 

3. An arithmetic factor, which includes computational skills in which 
the pupil understands when to use a process as well as how to use it, and aLso 
a mathematical understanding whereby the pupil has meaningful concepts of 
quantity, of the number system, and of important arithmetic relationships 

4. A .spatial factor, which involves an ability to visualize and think about 
objects and symbols in more than one dimension and the use of mental 



ERLC 



146 ELEMENTARY SCHOOL MATHEMATICS; A GUIDE TO CURRENT RESEARCH 



in^agerv' to help clarify word meanings when making comparisons and 
judgments. 

Lofhis and Siippes (1972) studied the structural variables that 
determined problem-solving difficulty of sixth graders using a computer- 
assisted instruction mode. The results of their analysis implied that a 
word problem would be difficult to solve if it differs from the problem 
t\*pe that preceded it, if its solution required a large number of words, 
or if it requires a conversion of units. Earlier studies (Emm, 1959; 
Engelhard, 1955; Hansen, 1944; Kliebhan, 1955) o£ verbal problem- 
solving abilit)' attempted to isolate other factors that , contributed to 
success in verbal problem solving in arithmetic. 

In a, series of reports Jerman (1972, 1973, 1974) examined variables 
contributing to problem-solving ability. In the most recent report, 73 lin- 
guistic variables and six computational variables were examined for 
their contribution to problem-solving ability. Results for the grades 4-6 
analysis would suggest that certain computational variables played the 
dominant role in performance on the tasks. Results of the grades 7-9 
analysis indicated that linguistic variables began to assume a more 
important role at this level. The trend toward importance of tlie linguistic 
variables continued at the college level. The iiWestigators concluded that 
linguistic variables may not be as robust for students in grades 4-6 as 
those in grades 7-9. 

Various studies (Hansen, 1944; Johnson, 1949; Treacv, 1944; Martin, - 
1963) have suggested that the study of mathematical vocabulary should 
be an important, part of instruction in the area of verbal problem solving 
in arithmetic. Vanderlindes (1964) study indicated that individuals in 
classes in which direct study of vocabulary was used achieved significantly 
higher on a test of arithmetic problem solving than did individuals in 
classes in which no special attention was devoted to the study of quan- 
titative vocabulary'. The direct study of quantitative, vocabulary* was 
significantly more effective with pupils who had above-average and 
average intelligence than with pupils who had below-average intelligence. 
Smith (1971) examined the reading level of sixth-grade problems in 
popular arithmetic textbook series and the reading level of problems 
found in standardized achievement tests. The level of vocabulary found 
led to the conclusion that the readability' level may not be the primary 
reason for low scores on the problem-solving portions of achievement 
tests. 

The work of StefFe and Johnson (1971) and others (LoBlanc, 1968; 
Stelfe, 1966) has begxm to examine the impact of problem stmctural type 
and problem conditions on younger eliildren at early stages of intellectual 
functioning. 
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Pace ( 1961 ) attempted to determine the effect of understanding of 
the four operations— addition, subtraction, nndtipHcation, and division— 
upon problem-solving ability of fourth-grade students. During periods of 
systematic instruction, children in the e\perinu»ntal group were asked to 
read the problems, tell how they were to be solved, and then defend 
their choice of process. Emphasis was upon Jioic the problem was to be 
solved, and ichy a given process was appropriate. The control group in 
the study merely solved the sets of problems, identical to Group I, but 
thm* vva.s no discussion of the work. Standardized instruments as well as 
interviews were used in evaluating results. 

It was found that both groups showed improvement on "conven- 
tionar tvpe problems; however, the experiuit-ntal group showed greater 
improvement than did the control group. The interview evaluation indi- 
cated that both groups showed an increase in number of correct solutions 
to "conventional" problems based upon mature and immature under- 
standing; however, the experimental gi'oup showed a greater increase 
than did the controls. With problems on the measurement instruments 
which contained ^'distorted cjies," both groups showed improvement in 
number of correct processes and procedures; however, the experimental 
group show(*d greater improvcnnent than did the controls. 

Results of the study would suggest that children show .gains in 
problem-solving ability if they are merely presented with many problems 
to solve, but they show even greater gains if systematic instruction for 
the purpose of developing understanding of the four processes is pro- 
vided by th(* teacher. 

Irish's (1964) study would also suggest diat where students are 
given opportunities to develop systematically their ability to generalize 
the meaning of the number operations and the relationships among these 
operations and to develop ability in formulating original statements to 
ex'press these' generalizations, die result will be increased ability in 
solving verbal problems in arithmetic. 

Wilson (1964), using fourdi-grade subjects and one-step a'ddition 
and subtraction problem situations as a vehicle, compared two specific 
problem-solving approaches. Program A attempted to create a mental 
"set" in the subjects which called for a focusing on the sequence of the 
actions and events in the verbal problem situation. Essentially, Pro- 
gram A involved training the subjects to: 

L **See" or recogiii/.e the real or' imagined action-soquence stmcture 
of a problem 

2. Express the cictif>n-sequenee in an equation 

3, 'Compute using the operations indicated by a direct equation. 
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Program B attempted to ereate a mental "set" in the subjects which 
ealled for a focusing on the "wanted-given" relationship in a problem. 
Essentially, Program B involved training the subjects to: 

1. Recognize the \va' ''Ml-given relationship embedded in a problem 

2. Express the wan*- 1-given relationship in an equation 

3. Compute using the operation directly indicated by the"equation, 

. Under Program A, when a child is faced with a verbal problem he 
presumably "sees" the action-sequence structure of that problem. His 
choice of operation would be based on his recognition of the commonality 
of that structure's attributes with those action-sequence attributes of one 
of the operations. Under Program B, when a child is faced Vvith a verbal 
proulcui lie presumably "sees" the wanted-given structure of that problem. 
His choice of operation would be based on his recognition of the com- 
- monality of that sti'ucture's wanted-given attributes with those wanted- 
given attributes of one of the operations. 

Of main concern in the study was the ability of the groups to choose 
the correct operation to use in solving the types of problems tested. Of 
lesser interest was the ability to obtain the correct answer and speed in 
obtaining correct answers. A summai^y of the results indicated that for 
all types of problems combined, and for all 'mental age levels involved 
(low, medium, high), the "wanted-given" treatment group was found to 
be superior on all dependent variable^ measured, that is, choice of 
operation, correct luiswers, and speed. Whether these findings would 
hold for other types of one-step verbal problems, for two- and three-step 
problems, .and for a wider range of age-grade level children is, of course, 
not known. 

Bums and Yonally (1964) attempted to study the effect of varying 
the order of presentation of numerical data on achievement in two- and 
three-step verbal arithmetic problems. ' In other words, if problems are 
stated with numerical data not given in the order in which they are 
needed to solve the problem, will pupils solve as many of them success- 
fully as problems stated with numerical data given in the order in 
which they will be used to solve the problem? They also found that 
arithmetic reasoning ability, as 'measured by a standardized test, is 
positively related to ability to do problems* which present the numerical 
data in mixed order. 

What is the effect of unfaniiliarity of setting on verbal prol)lem 
ability? Brownell and^ Stretch (1931) reported that, for 65 percent to 
80 percent of the children, unfamiliar situations have little effect, but 
that for 20 percent to 35 percent, unfamiliar settings introduce a new 
source of difficulty. 
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Scott and Lighthall (1967) explored the possible relationship 
between high need (that is, love and belongingness) and low ncj'ed (that 
Ls, food and shelter) contents of arithmetic problems and advantaged 
background of students. No .statistically significant relationship was 
found between need content in arithnu-tic prol)leni solving and degree of 
disadvantage. 

Lyda'and Church (1964) found that the probability of working 
verbal problems in arithmetic satisfactorily when there has not been 
direct, practical experience with th'at particular arithmetic situation is 
considerably greater for the above average group of children than the 
below average and average; and greater for the average than the bel^w 
V. average. ^\ 

The teacher of elementar\' school mathematics can feel (juite surc> 
that just giving many verbal problems of appropriate difficulty to students 
will effect some increment in ability to solve problems. The ubicjuitoiis 
factor, ^'opportunity to learn," is important. However, as the studies cited 
suggest, there are specific procedures and techniques that can be utilized 
that appear to facilitate achievement in verbal problem solving. Riedesel 
(1969) has sunnnarized many of these suggestions. In many cases the 
^ typical te.xtbook program will have to be supplemented by tliese sug- 
gested experiences and techniques, and others. 

What about CAI (Computer Assisted Instruction) in 
elementary school mathematics instruction? 

Each successive generation of computers advances in sophistication 
and potential. PVw aspects of human existence on earth, and fewer in 
space, are unaffected by the incredible advances in computer technolog\\ 
The computer impact on instruction in elementary education, however, 
has been minimal. There are probably many reasons for this, but eco- 
nomic and philosophical factors have probably weighed heavily. Direct 
msts of ecjuipmc^nt tend to be high; also, education has traditionally 
connnitted few funds for research and development. There tends to be 
an ambivalence toward commitment to^ technolog\- in die instructional 
process. Proponents often wax enthusiastic about teehnolog\''s potential 
for individualizing instruction; opponents often react strongly to its 
potential for depersonalizing, or dehumanizing, education. 

Suppes (1968) refers tq three different systems of instruction^ an 
discussing computer technolog)' in education. At the simplest level, 
there are the drill and practice systems. Tliese are generally meant to 
supplement the regular curriculum taught by the teacher. At the second 
level there are the tutorial systems which take over the main responsibilit\^ 
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both for presenting a concept and for developing skill in its use. At the 
third level there are dialogue systems aimed at permitting the student 
to conduct a genuine dialogue with the computer. 

In elementary school matliematics the most widely used system of 
instruction has been the simplest level drill and practice. Suppes, Jerman, 
and (^roen (1966) have described the procedure at the intermediate 
grade level. 

Vinsonhaler and Bass (1972), have summarized 10 major studies 
on CAI drill and practice. Criteria for inclusion were: (a) that thev were 
designed to assist a learner in the maintenance and improvement of a 
skill, (b) the evaluation criterion was a standardized test in mather|iatics, 
and (c.) a basic experimental/control group design was used. G(»nerallv, 
the experimental group received traditional Instruction augmented by 
five to fifteen minutes of drill and practice per <lay. The control groups 
received traditional instruction without any special assistance. 

Based on the reports of five studies in arithmetic, and others in 
language arts, they concluded that in the field of elementary education, 
there appears to be little reason to doubt that CAI plus traditional class- 
room instruction is usually more effective than traditional instruction 
alone in developing skills— at least during the first year or two. What 
remains in doubt is the* advantage^ of CAI over other, less expensive 
methods of augmenting traditional in^itruction and the long-term effect of 
CAI on both cognitive and affective goals. 

Travers ( 1971 ) has discussed some of the implications of computers 
for instniction, learning, and the curriculum in mathematics. One point 
in regard to curriculum seems especially important, and that has to do 
with computation. The point is made that computers might be used 
primarily as a device for reducing the burden and barrier of computation. 
There are many points in teaching in which, if computation is a hangup, 
then assistance should be provided so the role of computing is minimized 
and the concc^pt at hand is given proper importance. Riedesel and 
Suydam (1967) have discussed the implications of CAI for teacher 
(nlucation. 

The elementary school teacher should be aware of the potential of 
the computer in education. Electronic processing of data has assumed a 
significant role in routine* day-to-day activities. The challcnj^c ahead for 
the teacher will be the delegation of appropriate routines to technolog\% 
while freezing the teacher for the work of (education . . . which is a 
human enterprise. 
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**I(leiitity>" study on, 38 
Incidental-learning theory^ 110 
J ulividualization, 2L,9() 
Individualized instruction, 24, 128, 

149; in mathematics, 87-89 
t Indivicliializing learning, 87; **nu)dified 

whole-group' approach to, 88; 
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ing for, 130, 131; of actions, 135; 
{)f addition combinations, 29; of 
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Mathematical structure, 1 1, 23 
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order in, 73; characteristics of, 72- 
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longitudinal study of, 74; sex dif- 
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and, 75 
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and, 82, 83; attitudes toward mathe- 
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97; comparisons of among countries, 
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ternational study of, 46-48; national 
assessment of, 16; of the blind, 67- 
68; of the deaf, 68-69; of the edu- 
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92-93. 132; achievement in, 93: 
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tude, 93: origins of, 92 
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knowledge of, 102-104; training of, 
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Maturity: of response, 27, '138, of 
thinking in inatnenmtics, 129; physi- 
cal and mental, 5& 

Meaning theory, 110 

Meaningful habituation, 125, 136 

Meaningful learning and instruction: 
approaches to, 132-35; division of 
fractions and, 140; f.v. mechanical 
'learning, 138 

Meaningful teaching, 81; of ;Tubtrac- 
tion,. 143 

Meaningful thinking, 44 

Mcaningfnlncss: continuum of, 132; 
development of, 126; in class ac- 
tivities, 95; in mastery learning, 
130; in subtraction, 137; logico- 
nmthematical, 27-28; of itemsl 56; 
of mathematics learning. 92 

Measurement: kindergarten children's 
knowledge of, 51; of achievement, 
131; of Icaniing, 130-32 

Mental age (MA), 19 

Mental structures, 134 

Mentally retarded, the: teaching math- 
ematics to, 70-72; teachers of, 71 

Metric system., implications for U.S. 

pdncation, 41-42 
Modem math programs, 15, 104 
Modes of learning, 36-37 
M(Miey, kindergarten children's knowl- 

It'dge of. 51 
Mj/)tivation; anxiety in mathematics 
/ learning and, 82; in. mathematics 
1 learning, 115-i-7r intrinsic and ex- 
^triuiiicv-l^io 
Multiple embodiment of a mathe- 

niiitical idea, 118 
Multisensory aids, 121 

National Assessment of Educational 
Progress (NAEP), 16 

National Longitudinal Studv of Mathe- 
matical Abilities (NLSMA), 14 

"Needs of adult society" theory of cur- 
riculum, 1, 2-4 

"Nceds-of-the-child" theorv of curricu- 
lum. 1-2 



"New math," -37, 91, 110, curricula, 
6-13; programs, 7, il-12; teaching 
of, 110 

Nigeria, conservation studies in,. 35 

Norm-referenced tests, 131 

Nmuber: anxiety, 83; behaviors in 
young children, 55-57; cardinality 
of, 56; concept formation in, 134; 
conservation tasks on, 85; estima- 
tion, 35; kindergarten children's 
ideas of, 51; ordinality of, 56; readi- 
ness, 32 

Number facility, 60-63 

Number facts, 136 

Numeration svstem, 144-45; decimal, 

145; Hindu-Arabic, 144 
Numerical reasoning of EMH, 70 

One-to-one correspondence ability, 57; 

in learning disabled, 66 
Open Education, 89-92 
Opportunity t(,) learn, mathematics 

achievement and, 47 
Ordinality of number, 51, 56 

Parental education, 17, 53, 73 

Pattems among mental abilities, 60-63 

Personality: dogmatic, 86; effect (m 
mathematics learning, 85; influefnce 
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motivation and, 116 

Pe.s'talozxi, 4, 90-91 

Phvsical (concrete) models, 118-22, 
'134; effectiveness of, 120-21; in 
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rationale for using, 118; sensory 
learning and, 1 18 

Piagetian tasks, 29-30, 120; preschool 
children's performance on, 52; re- 
llective and impulsive behavior and, 
84, 85; relation with arithmetic 
tasks, 30; relation with school 
mathematics, ^ 29; the mentally 
handicapped and, 69 

Pi a get's theories: mathematics educa- 
tion and. 31-33; of cognitive devel- 
opment, 25-26; of logical processes, 
26, 55; of logical thought, 25-26 
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of, 32-33; implication for teiiching. 
3a-31 

Pmctice, 126-28, 149; inU'grutivo. 
126; repetitive, 125, 126, 127 

Preservicc education, 101, 102 

Previous education of kincjcrgiirtcn 
entrants, 53 

Principles and Practice of Teaching;; 
(Johonnot), 90 

Problem solving, 32, 117, 127; ability 
in, 27, 31, 146, 147; conelatioii 
with anxiety, ^83; of EMH chil-,- 
dreii. 70; performance of Dutch 
and American children in, 48; 
power in, 31; techniques of, 133; 
tests in. 30, 48, 146; viM'bal, 16, 
120, 145-49 

Problem-solving approaches, compari- 
son of, 147«48 

The Process of Education, 7 

Professional knowledge, 102-104, 108 

Programmed instruction for EMH 
children, 71-72 

Project ONE, 12 

Psychological theory, 1, 2 

Psychotherapy, 111, 112 

* Quantitative situations, 73, 144; judg- 
ment in, 131 
Quantitative thinking, 13, 73 

Race, 17. 18 

Readability of textbooks, 98 
Readiness: affective factors and, 58; 

for mathematics leaniing, 58-59, 

128 

Rectangular array, 136 
Representational (pictorial) mode, 37, 
72 

Retention, 27, 113, 115; index of, 128 
Retentivity of school systems, 47 
Rote learning, 133 

School Mathematics Studv (^roup 

(SMSG), 14 
Schools: age of entry to, 46; age of 

entry to first grade in, 63; goo 4 t;.v. 

poor, 99-100 
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gram, 39-4-1 
Scottish schools, 15 

Second luteniatiunal Congress on 
Mathematical Education, 25 

Self-concept, 22; correlation with 
verbal problem solving, 85; mathe- 
matics achievement and, 85 

Semi-concrete models^ 121, 134 

Senegal, conservation studies in, 33-34 

Sensory leaniing, 118 
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Set relations, 57 

Sex differences: in international math- 
ematics achievement, 47-4S; in 
mathematics achievement, 64-65; in 
the mathematicallv gifted, 74; in 
the NAEP, 17 

Sex of child: amount of learning and, 
17: anxiety in mathematics learn- 
ing and, 84; mathematics achieve- 
ment and, 47, 64-65 

Slow leai-ners, 12, 13, 15,^95 

Small classes, mathematics achieve- 
ment and, 97 

Social-class level, 63, 114 

Social environment, 99 

Social utility, 1, 10, 117 

Socioeconomic factors, 18 

Socioeconomic status (level), 18, 92. 
143; impulsive responders and, 85; 
language development and, 59; 
mathematics achievement aud, 59; 
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Socioeconomic variability^ 47 
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2-4 

Socrates, 109 

Sources of curriculum, 1-6 

Space: children's conceptualization of, 
60-63; Euclidean characteristics of. 
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Space c(;nceptualization, 60-63* 
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dren s knowledge of, 52 

Specialized schools, 46 
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'.Subtraction: algorisms for, 137; de- 
composition method of, 137; ecjual- 
additions method of, 137; mean- 

' ings for, 137; sequences for, 138; 
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in, 138 

Summative evaluation, 130-31 
Summer Compensatory Education 

Program, 45 
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Symbolic (abstract) mode, 37, 72, 122 
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Task-analvsis procedure, 'in developing 
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Teacher certification, 107 
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123-24 

Tc^acher training, 100-108; adecjuacy 
of. 102-104; performance criteria 
in, 107-108; programs for, 108 
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126: motivation and, 115-18; 
sources of, 109-13; use of physical 
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